Logics for The Logic of Predicates

Data and Knowledge s 10 D
z ® Syntax
RePresentat'on ® Semantics
- models
- entail
Alessandro Agostini Fausto Giunchiglia enatiment
agostini@dit.unitn.it ‘austo@dit.unitn.it ® Reasoning

- reduction to PL

University of Trento

V¢
Copyright © 2009-1 | Alessandro Agostini and Fausto Giunchiglia. L | R
The order of the names is alphabetical. 7' Copyright © 2009-1 | Alessandro Agostini and Fausto Giunchiglia
2
T
LR
a) Normal Form
Theorems
® A normal form theorem basically tell us that
. . for every formula F of a given logic, there is
Propertles' a formula F* of some special syntactic form
and in the same logic such that F and F* are
Normal FO rm Th eorems logically equivalent, i.e. have the same models
® For F and F* be PL propositions or first-
order formulas then we would write:
|=F o F*
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- Normal Form ~% Quantifier-Free (QF)
Theorems in FOL Sentences
® We present three normal form theorems, ° Peﬂniti9n. A FO-formula is gi\;antiﬂ%r-free if
each considering logical equivalence of a FO- it contains no occurrence of Vx or Jx.
formula F with a formula F* in one of the e Definition.A gquantifier-free sentence is a
following “special syntactic,” normal forms: (first-order) sentence that is quantifier-free.
® (full) conjunctive/disjunctive (CNF/DNF) e Definition. Let ..., & be FO-formulas. A
e prenex (PNF) truth-functional compound of j,..., &n is a
FO-formula built up from ..., & using only
® prenex CNF/DNF (PCNF/PDNF) =, A, and V, without quantifiers.
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' CNFand DNF
for QF-Sentences

® Definition.A truth-functional compound of
wffs &1,..., On is in conjunctive normal form
(CNF) if it is a conjunction of disjunctions of
wffs from the «i,..., Xnand their negations.

e Definition.A truth-functional compound of
wffs X,..., &y is in disjunctive normal form
(DNF) if it is a disjunction of conjunctions of
wffs from the «i,..., &n and their negations.
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‘2" Normal Form Theorem
for CNFs in FOL

® Theorem (CNF Theorem). Every truth-
functional compound of given formulas is
logically equivalent to one that is in CNFE.

® Proof:
It is based on the same (effective) procedure used in
propositional logic to convert a proposition into its CNF.
Such procedure, when applied to truth-functional
compounds (which don’t contain implication symbols) is
based on the following rules (logical equivalences):
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A Conversion to CNF
Rules

® -« is replaced by o
rule based on |= == & & double-negation elimination

® (A B) is replaced by (nav-B)
~(ax Vv B) is replaced by (naA-B)

rules based on |= (A B) < (natv-p)
=(x Vv B) o (-aA-B)

De Morgan’s Law for A

De Morgan’s Law for Vv

® continue...
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‘L% Conversion to CNF
Rules (cont’)

® (A B)V (xAY)is replaced by (x A (B V Y))
rule based on [= (& A (BVY)) © (XA B) V(& AY))

distributivity of A over V
® oV (BAY)isreplaced by (& V B) A (& V'Y)

rule based on |= (& V (B AY)) © (& V B) A (& VY))
distributivity of V over A
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Example

® Let’s convert to its CNF the formula:
(& V (=B AY)).
® By using the rules above we have:
= ~(x Vv (B AY)) iff
=~ A=(=B AY)iff
=~ A (7B V) iff
=0 A (B V).

® Observe that "X A (B V 1y) isin CNF.
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‘2. "*Normal Form Theorem
for DNFs in FOL

® Theorem (DNF Theorem). Every truth-
functional compound of given formulas is
logically equivalent to one that is in DNF.
® Proof:

Similar to the proof of CNF Theorem, with the exception
that distributive laws for A and V are used differently, i.e.:

- (@ A (BVY))is replaced by (x A B) V (x A YY)
- (@ VB)A(xVY) is replaced by & V (B AY).
QED
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L% Prenex Normal Form
(PNF)

® Definition. A wff is a prenex formula, or in
prenex normal form (or a quantified
Boolean formula, QBF), if it is of this form:

Qixi Qaxz ... Quxk &(X1, X2, ... XK),
where each Qixi is a universal or existential
quantifier; x; is different from x; for i # j and
o(x1, X2, .., Xk) contains no quantifiers
(quantifier-free).
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w Normal Form Theorem
for PNFs

® Theorem (PNF Theorem). Every FO-formula
is logically equivalent to one that is in PNF.

® Proof:
We need to seek a prenex formula logically equivalent to
an arbitrary FO-formula. In seeking such formula in PNF, we
need to pull quantifiers in the original formula out
(leftmost).We list the rules (logical equivalences) which
allow us to do this in general.The following rules are used
together with other rules (as e.g., ==-elimination) we have
already presented (cf. CNF/DNF Theorems). ... continue...
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“ Prenex Normal Form

Remarks and Example

® Remark I.
Qix; Qaxz ... Quxy is called the prefix;
(X1, X2, ..., Xk) is called the matrix.

® Remark 2. For k=0, a prenex formula
Qixi Qaxz ... Quxic &(X1, X2, .., Xk)
contains no quantifiers at all.

® Example.
Vxidx3Vx73xz P(f(x1), g(xi, X3), Xs)
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2% Conversion to PNF
Rules (cont)

o Vxa(x) A VyB(y) is replaced by Vu (cxx(u) A B(u))

rule based on |= (Vx&(x) A VyB(y))<Vu (x(u) A B(u))
o Vxa(x) V VyB(y) is replaced by VuVv (x(u)VB(v))

rule based on |= (Vx&(x) V VyB(y))=VuVv (a(u) V B(v))
e Ixa(x) A yB(y) is replaced by JuTv (x(u)AB(v))

rule based on |= (Ix&x(x) A TyB(y))~TuTv (x(u) A B(v))
e Ixa(x) v JyP(y) is replaced by Ju (cx(u) V B(u))

rule based on |= (Ixa(x) V yB(y))~Tu (x(u) V B(u))

distributivity of quantifiers over A and V
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" Conversion to PNF
Rules

® Vxd is replaced by Ix-ax
rule based on |= °Vxa& « Ix

syntactic definition of 3 by V and =

e -3dxa is replaced by Vx-a
rule based on |[= 7Ixa & Vxa
ie. |= Ixax & Vx«x

syntactic definition of 3 by V and

Copyright © 2009-1 1 Alessandro Agostini and Fausto Giunchiglia

16

|

= V4

J R

Prenex Conjunctive
Normal Form (PCNF)

® Definition.A wff is a prenex conjunctive
formula, or in prenex conjunctive normal
form (PCNF) if it is a prenex formula whose
matrix is in conjunctive normal form.

® Example.

VxidxsVxz3x2 (7o(xi) A (B(X|, x3)V-1Y(Xs)))
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.L-"J/R'Normal Form Theorem
for PCNFs

® Theorem (PCNF Theorem). Every FO-wff is
logically equivalent to one that is in PCNF.

® Proof:
First, convert the given FO-formula in its equivalent PNF.
Second, work on the matrix of such formula in PNF and
convert it to its equivalent CNF.The rules of conversion
are given as in the proofs of CNF/DNF/PNF Theorems.
QED

e A PDNF theorem holds for disjunctive PFs.
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&% Correspondence
Theorems

® A correspondence theorem is a normal
form theorem across two (or more) logics.

® |t basically tell us that for every formula F of
a given logic, there is a formula F* of some
special syntactic form written in an expanded
language such that F and F* are logically
equivalent, i.e. have the same models.

® Below we consider expansion by constants.
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% Finite Quantification
Normal Form (FQNF)

® Let L* be an expansion of L obtained by
adding to Ls alphabet of nonlogical symbols
the set {ci,...,cn} of individual constants.

® Let 0=VxP(x), B=3xP(x) be sentences of L.

(2) The finite quantifier-free normal form of
o in L*is the L*-sentence P(c|) A...A P(cn).

(b) The finite quantifier-free normal form of
B in L*is the L*-sentence P(ci) V...V P(c).
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Correspondence
Theorem PL-FOL
“in the finite”

20

“  Correspondence
PL-FOL “in the Finite”

® We present a correspondence theorem
between propositional logic and first-order
logic in the case a first-order language is
interpreted over finite domains.

® The theorem will be given as a corollary of a
normal form theorem saying that every
formula of a FO-language finitely interpreted is
logically equivalent to a quantifier-free wff of
some normal form in an expanded language.
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* Conversion to FQNF
Rules

® Vx &(x) (in L) is replaced by ot(ci) A ... A &(cn) (in L)
rule based on |[= Vx &(x) « (x(ci) A ... A &(cn))

V-elimination over finite domains
e dx x(x) (in L) is replaced by &(ci) V ... V &(cn) (in L*)
rule based on |= Ix a(x) & (X(c1) V ...V &(cn))

J-elimination over finite domains
® Remark:These replacements apply recursively.
(See the next examples)
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'Z'% Normal Form (FQNF)
Example |

® Let L* be an expansion of L obtained by
adding the set of individual constants {ci,c2}.

e Let & = VxJyP(x,y) be a L-sentence.
- First, eliminate Jy and y:
Vx (P(x.c1) V P(x,c2))
- Then, eliminate Vx and x:
(P(c1,e1) V P(ci,c2)) A (P(c2,c1) V P(c2,c2))
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'Z'% Normal Form (FQNF)
Example la

® Let L* be an expansion of L obtained by
adding the set of individual constants {ci,c2}.

® Let & = Vx3yP(x,y) be a L-sentence.
- Now, first eliminate Vx and x:
JyP(c1y) A FyP(cay)
-Then, eliminate Jy and y:
(P(c1,c1) V P(c1,c2)) A (P(c2,c1) V P(c2,¢2))
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"' Normal Form (FQNF)
Example 2

® Let L* be an expansion of L obtained by
adding the set of individual constants {c|,c2}.

® Let o = VxVyP(x,y) be a L-sentence.
- First, eliminate Vy and y:
Vx (P(x,c1) A P(x,c2))
-Then, eliminate Vx and x:
(P(c1,c1) A P(c1,€2)) A (P(ca,c1) A P(c2,c2))
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1'% Normal Form (FQNF)
FQNF for atis Unique

® The foregoing examples illustrate that there
is a unique finite quantifier-free normal form
oronr of a given L-formula & in a fixed
expansion L*. More generally we have:

® Theorem. Let L* be an expansion of L. Every
L-sentence & has a unique OrQnF in L*
(modulo the commutativity of A and V).
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2% Normal Form (FQNF)
Example 2a

® Let L* be an expansion of L obtained by
adding the set of individual constants {ci,c2}.

® Let o = VxVyP(x,y) be a L-sentence.
- Now, first eliminate ¥x and x:
(VyP(cry) A VyP(c2y))
-Then, eliminate Vy and y:
(P(c1,c1) A P(c1,2)) A (P(ca,c1) A P(c2,¢2))
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.L- o Finite Universe
for a FO-Language

® Definition. Let L be a FO-language.

(a) M(L)™ is the set of all L-structures
whose domain is finite.

(b) The finite universe for L (i.e., UL) is the
finite union of the Ds s.t. (D}]) is in M(L)™.

® |n the following, let us assume L, M(L)ﬁ",
UL = {ai,...,an} and L's expansion L* be fixed.
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AN\D)
o o , - % Finite Quantification
Finite Satisfiability Normal%orm Theorem

® Let L-structure M = (D)) be given.

I. M finitely satisfies (in UL) a L-sentence o if

M satisfies ot and M = (U ]) for any I. ® Theorem (FQNF Theorem). Every sentence

2. o is finitely valid (in Uy) (written |=f &, or of L is logically equivalent in the finite to one
also |=Y &) if M |= & for every M = (UL). that is in finite quantifier-free normal form.

3. We say o and B are logically equivalent in
the finite (in Uy) if |=f a B (|=Y a<B).
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" Finite Correspondence
Theorerm PL-FOL Some References

Fourh eciton

® Textbooks: ‘
e Corollary (Finite Correspondence PL-FOL). - G.Boolos, ). Burgess, R. Jeffrey, Computability and Logic,

Every first order sentence is logically 4th edition. Cambridge University Press, 2002. (Ch 19)
equivalent in the finite to a proposition. = M.Huth and M. Ryan, Logic in Computer Science. Rl

Cambridge University Press, 2004. (Sec 1.5)
http://www.cs.bham.ac.uk/research/projects/lics/

Proof: omitted.

o R & In fact th It ab ® Papers & Links: Z%
emark. In fact the result above states a - M. Davis and |. Putnam.“A Computing Procedure for

reduction of FOL to PL. Quantification Theory.” J. of the ACM,Vol 7(3), pp 201-215,
1960. (Electronic copy available at http:/portal.acm.org/ )
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