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A corpus contains the following five documents:

di | To be or notto be, this is the question!

da | I have a pair of problems for you to solve today.

ds | It's along way to Tipperary, it's a long way to go. ..

dy | I've been walking a long way to be here with you today.
ds | | am not able to question these orders.

The indexing system only considers nouns, adjectives,qanos, adverbs and verbs. All forms are converted to
singular, verbs are converted to the infinitive tense, rea@ll punctuation marks and translates all letters to
uppercase. Conjunctions, prepositions, articles andeations are discarded as well. Multiple occurrences of
the same term within a document are not counted.

For instance, the phrase

Hey, it's not too late to solve these exercises!
becomes
IT BE NOT TOO LATE SOLVE THIS EXERCISE

1.1) What is the minimum dimension (number of coordinates) of tREDF vector space for this collection of
documents?

1.2) Fill the 5 x 5 matrix of Jaccard coefficients between all pairs of docusent

1.3) Apply an agglomerative clustering procedure to the calbect as a measure of similarity between two
clustersD; andD-, consider the highest similarity betweénandds, with d; € D, anddy € Ds.

1.4) Draw the resulting dendrogram.

Solution — The stripped-down documents are the following (the thirdiems count the number of different terms
in each document, just to ease up the calculation of the dhcoafficient):

di1 | BENOT THIS QUESTION

d2 | 1 HAVE PAIR PROBLEM YOU SOLVE TODAY

ds | IT BE LONG WAY TIPPERARY GO

ds | | HAVE BE WALK LONG WAY HERE YOU TODAY
ds | 1 BENOT ABLE QUESTION THIS ORDER

~N| O[O N>

1.1) The collection includes 20 different terms: ABLE, BE, GO,V |, IT, HERE, LONG, NOT, ORDER, PAIR,
PROBLEM, QUESTION, SOLVE, THIS, TIPPERARY, TODAY, WALK, WA and YOU. Therefore, the vector represen-
tation requires at least 20 dimensions.

1.2) The table of Jaccard coefficients is the following. Only theper triangular part is shown, since the Jaccard
coefficient is symmetrical.

|l di]de[ds [ ds | d5 |

dy 1|0 |19 112| 47
d2 1 0 1/3 | 1/13
ds 1 1/4 | 1/12
dy 1 1/7
ds 1

1.3) The two most similar documents ade andds, so they can be joined in the same partition. The similarigtrir
becomes:



| [ {di,ds} | {dz} | {ds} | {da} |

(41, ds) 1 13| 19 | 17
da] 1 0 | 13
(@) 1 | 14
{da} 1

After this step, singletond. } and{d4} are most similar, and shall be joined:

| | {di,ds} | {d2,da} | {ds} |

[di,ds) 1 7| 19
(Ao, da} 1 174
{ds} 1

Next, singletonis joins cluster{dz, d4}:

| [ {di,ds} | {d2,ds,da} |
{di,ds} 1 1/7
{d2,ds,ds} 1

Finally, the two remaining clusters can be merged togeffiee. corresponding dendrogram is the following:

1 5 2 4 3

In the same setting as in the previous exercise, estimatiatteard coefficient for all document pairs based on
the application of five random permutations.



Let D be a set of documents over the $&atf terms,n;, counts the number of occurrences of térimdocument
d.
3.1) Consider the following term frequency measures:

1 if
if ngq # 0 As(t,d) = 2 Ay(t,d) =log(1 + neq).

Aq(t,d) = nyq, As(t,d) = . ,
1t d) = nia 2(t,d) {0 otherwise, |d|

Consider each measure according to each of the followiner@separately:

1. The size of a document should not matter (e.g., concatgnaio copies of the same document should
not change the measure).

2. The number of occurrences of the term should not mattéy,itspresence is important.

3. Increasing the number of occurrences of a term should déegser impact on the measure if the term is
already frequent.

3.2) Which of the following are suitable IDF functions, and why?

Bi(t) = —log 1—<ZA1(t,d)> , Bg(d):<1+ZA2(t,d)> :

deD teT

Bs(t) = Z m7 By(d) = <Z A4(75,d)>

deD teT

A document retrieval system must be implemented in a stradtprogramming language (Java, C, C++). Doc-
uments and terms are represented with their numeric IDs.

4.1) Define the appropriate array and record structures to efflgistore the matrix..; counting the number of
occurrences of each terfiin each document, considering that it is very sparse. Define the structuredces
inverse document frequency values.

4.2) Write a functionr et ri eve( q) which, given the arrayg of term indices, returns an array with the IDs of
the five nearest documents according to the cosine measiire T-IDF space.

An information retrieval system manages a corpus of six dwmmnts. Given the quenry, the system computes
the following probabilities for the documents to be reldvan

il 1 2 3 4 5 6
pi | 100% 80% 20% 80% O 100%

5.1) What strategy can the system adopt in order to maximize d¢&llrecore? What strategy can maximize its
precision score?

5.2) Suppose that the only documents that are relevant with cegpeueryq are 1, 2, 4 and 6 (of course, the
system does not know this). The system implements two altemnalgorithms:

1. let document appear in the returned list iff; = 100%, or
2. let document appear in the list with probability;.

Compute the expected values of precision and recall assigpehe user (who knows the actual document
relevance) to the list of documents returned by each alyurit

Hint — Note that algorithm (1) is deterministic, only algorithm (2) is stochastic.

Solution —
5.1) Letr = (r;), wherer; is the “true” relevance of documentremember that the query is fixed). Let= (z;),



wherez; = 1 iff the IR system returns documehin response to the query. Then,

Precision (z) = aé'r . Recalh(z) = ="

E T E T4
i=1 i=1

In other words, the “precision” of the answer is the amourmetdvant documents within the list provided by the IR system
Its maximum value is attained when all returned documerggelevant, so we need to return only the two documents, 1
and 6, which are certainly relevant to the user. The “reaaflithe answer is its property of containing as many relevant
documents as possible, and it is maximized by returningaaichents (with the possible exception of 5, which is irrafev
for sure).

5.2) In the first case, the IR system provides a deterministic ansaving precisiori00% and recall50%. In the
second case, we need to compute precision and recall scoral possible return strings, and compute their probghbili
weighted average:

E(Precision = ZPr )Precision (),  E(Recal) ZPr ) Recall. (z).

Note that documents 1 and 6 are always returned, while dagufnis never returned; moreover, documents 2 and 4 are
indistinguishable, so we can determine the following taklbere precision (left) and recall (right) scores are ptedi
together with their probabilities (in parentheses).

T2+ X4
0 1 2
(.04) (-32) (.64)
AEIEIERERE
s 0 (8 (.0324) 2.2561) 4(1.5124)
EIERERERE
1 (2 3.0084) 4(1.064?) ?1284)

Finally,

4
E(Precision = .8 + g .008 + § .064 + 5 128 = .8 +.005 + .048 + .102 =~ 96%,

2 4
E(Recal) = 7 .04 + % 324 7 -.64 =024 24+ .64 = 90%.

With the same data of Exercise 5, suppose that the systenalggeghm (1).
6.1) Compute the expected precision and recall scores from tiné gfosziew of the IR system, who only knows
the probabilitiep; for document to be relevant.

Solution — In this case the IR system’s answer is known, but the actualmdent relevance is a random variable with
the given probabilities. Therefore, the average values bissomputed against probabilities of the unknawn

E,(Precision = ZPr ) Precision (x), »(Recal) ZPr ) Recall. (x).

We know the answet of the IR system, which i§l, 0, 0, 0,0, 1), therefore we can compute a table which is similar to that
of Exercise 5:

T2 + x4
0 1 2
109 | (3 | o
N 0 (8) [ {omy [ (256) | (512)
ZTZ[Z[Z[Z]Z
L (2 {008y [ (o6a) | (128)

Therefore, as expected,
E.(Precision = 100%
because we are sure that only relevant documents are rétu@mnethe other hand,

2
E.(Recal) = = 032+§ 256+— 512—1—3 008-&-4 064-&-5 128 = .032+.171+4.2564.005+.0324.051 ~ 55%.



Write in your favorite high-level language a function thatplements the FastMap algorithm. In particular,
define what input must be provided and which output shall hemed.

Solution — Let matrixd be the input data (mutual distances between couples of Jtefie matrix is symmetric,
SO many optimizations are possible. kebe the output matrix with one column per document and one @wegtracted
coordinate. We assume that the number of documeatsd the number of extracted dimensiensire encoded into matrix
sizes; otherwise, we can pass them as two additional integemeters.

1. void FastMap double d[][], double z[][])

2.

3. [ intn=d.length,m = z.length;

4 for (ints=0;s<m; s++){ Repeat for the desired number of coordinates

5. [ 4,j < arg max ;d[][]; Find the two farthest points

6. for (int k=0;k <n; k++) Compute the s-th coordinate
dli[k]? + d[i][5)* — d[K][j)?

. x[s][k] — o )

7 . 2]

8. for (inti; =0;41 <njii++) Recompute the mutual distances

9. |: for (j1=0;71 <n; ji++)

10, L dl ][ 1] — /d[ia][j1]* — (z[s][ia] — 2[s][j])%;

11. L }

12. }

Note that the term within the square root sign at line 10 mighhegative, so a bit of care must be taken when actually
implementing the algorithm. ..

The columns of the following matrix represent the coordisaif a set of documents in a TFIDF space:

1

0
1
A=
NG 1

NN O N
NN O N

-1

Let document similarity be defined by the cosine measuregdmtuct).

8.1) Compute the rank of matrix.

8.2) Letq = (1,3,0,—2)7 be a query. Find the document in the set that best satisfiegitrg.
8.3) Given the matrices

10
1

., V=—|01

10

— = O

V2

— = O =

-1

determine coefficient and the diagonal matriX so thatl/ is column-orthonormaland = ULV

8.4) Project the query onto the LSI space defined by this decomposition and veréatiswer to question 8.2.
Why isn’t the requirement that be column-orthonormal important in our case?

8.5) Suppose that we want to reduce the LSI space to one dimer&hiom how the new approximate document
similarities tog are computed.

Solution —

8.1) Notice thatA has two linearly dependent (actually equal) columns (tkus & 3), while the first two columns are
independent (thus rk > 2), therefore rkA = 2.

8.2) Similarities are computed by dot products, let’'s do it inrag& shot for all documents:

ATg=1 _52 ;
q \/6 _2 ,

The most similar is document 2.



8.3) The column normality condition for matri& implies 3 = 1/+/3. By expliciting the calculation of some entries of

matrix A, we obtain
2 0
S (O 1).

8.4) Projection onto the document LSI space is achievedViaU”:

Similarity to the documents is computed via & matrix. If all computations are right,

vl = ATq.

Specify in the MapReduce framework the Map and Reduce fomstio find the number of occurrences of
one/more given pattern/s in a collection of documents.

Solution — Let us define the two functions.

Map: NxT* — (T xN)*
(offsetline) —  [(match1)]
Reduce: TxN" — (IT'xN)*
(match [n1,...,nx]) +—  [(match ) n;)]

FunctionMap receives a key (related to the document ID or line offset)ctvive can disregard, and a sequence of terms
(a line or a full document). It gives as output a list of p&insatch 1), one for each match of the pattern in the received
value.

FunctionReduce takes as input a paifmatch, [n1, ...,n,]) where the value part is a list of previously computed
occurrences (originally all’s) and returns the list of matching patterns (only one elgnrethis case) with the number of
occurrences for each match.

The pseudo-code for the Map and Reduce functions is thexfiitn

1. map Effset, line)
2. [ while pattern.matchesl{ne)
emit (pattern, 1);

reduce (natch, values) valuesis an iterator over counts
[ result=0;
for each vin values
result +=v;
| emit (match, result);

o & W N R




Given the following relevance ranking vector in response tperyg:
dlv@a @a d47%a%

(the underlined documents are exactly all the relevant ones)

10.1) Determine the interpolated precision at leyet 0.5 of recall,

10.2) Determine the “global’F; — measure (for the system returning all the six documents),

10.3) Determine the Break Even Point (BEP), which is the point afieajence between (interpolated) precision
and recall.

Solution — 10.1) We are given a ranked list of documents returned in resparsegieryg with their associated relevance
values. In this ranked retrieval context, precision andli@an be computed by considering as the set of retrievedrdents
the topk ranked documents:

k Tk R P
00 0 1
110 0 0
211 0.25| 0.5
311 0.5 | 0.66
410 05 | 05
511 0.75| 0.6
6| 1 1 0.66

The interpolated precisioR;,...-p at a certain levep of recall is defined as the highest precision found for angléevel
/
p 2z p

Pinterp(p) = max P(pl)
p'>p
Thus the interpolated precision at leyek 0.5 of recall iSP;nterp(0.5) = 0.66
10.2) The F; — measure = % when all the documents are returnedris = 0.795 (by taking the P and R values
computed in the last row of the table).

10.3) To find the BEP we plot thenterpolated precision curve:
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The singular value decomposition of a term-document matrix UXV 7 is

L [t -1 0 300 11(1)_11
v=—1(1 1 0|, =10 2 0], V=_—
V2\o 0 3 00 1 \/5(1’_11‘01

11.1) What is the rank of the matriX?

11.2) Perform a reduction of the LSI space by one dimension.

11.3) Given the new representation of matrix apply an agglomerative clustering procedure to the ctidiec
Merge the clusters at each step according tesgHfesimilarity measure by using as a measure of inter-document
similarity simply the dot-produdid; , ds).

11.4) Draw the resulting dendrogram. How many clusters can youdiradievel of similarity oR2?

11.5) Check the clustering results you get by cutting across thembgram, by plotting them.

Solution —

11.1) Matrix A was originally a3 x 4 matrix. The three elements in the diagonal makiare non-null, therefore matrix
AT A (hence, matrixd) has full rank §).

11.2) Let us obtainU, V ands by removing the third column frorty andV/, and the third row and column froi,
corresponding to the smallest eigenvalueidfA:

1 -1
1 . (30 1 /1 10 1
U_EQJ é) Z‘(o 2)’ V__g(O 11 —1)'

11.3) After rank reduction, we can compute the similarity by

0
1 9 0\ /1 1
1 0 4/\0 1

ATA=veV" = 3

= O
—_
N——

-1

—_ o = =

Therefore, we obtain the following table of unnormalized pimduct similarities:

|2 3 4
13 0 3
2 4 5

¢
3 —3

11.4) {1, 2} and{1, 4} are both candidates as the first cluster. Let us choose thpdirsTherefore, at level 3 the first
clustering step yields

“ s

3
{12y | 3§ 3
3

w|n®

Now, the highest self-similarity value is achieved by otutl, 2,4} at level 22, so that the similarity matrix becomes

Therefore, at similarity leve we have two clusters{1, 2,4} and3.
11.5) The corresponding dendrogram is




Consider the query:lbve Mary” and the set of returned documents of a information rettigystem:
d1: John gives a book to Mary.
d2: John who reads a book loves Mary.
d3: Whom does John think Mary loves?
d4: John thinks a book is a good gift.

12.1) Define the set of keywords and give documents the correspgmepresentation, after applying the stop
word elimination and the stemming processes. Assume thatevesing direct term frequency (with no scaling
and no document frequency). Do not normalize vectors.

12.2) Suppose that document 2 has been judged as relevant, ancheloicd as not-relevant. Using Rocchio
relevance feedback what would the revised query vectortee rflevance feedback?

Assumex =1, 8 = 0.5,v = 0.5.

A large set of documents, each containing a large numbermoftds given. The aim of this exercise is to create
an index that maps each term to the document where it occulhgirarliest position (ties may be broken at
will). For example, given the three following documents:

| Filename | Content |
random doc Zigzag bumblebee slash acorn
nonsense. t xt | Bumblebee acorn zigzag slash
usel ess. pdf Acorn dot bumblebee slash zigzag

the index should be:

acorn — usel ess. pdf
bumblebee — nonsense. t xt

dot — usel ess. pdf

slash — random doc

zigzag — random doc

In fact, the word “bumblebee” appears in position 2 of filendom doc, in position 1 of flenonsense. t xt

and in position 3 of filausel ess. pdf , therefore it is mapped taonsense. t xt .

13.1) Outline a MapReduce-based solution to the problem. Inqaat, describe the input and output records
of the mapper and reducer functions.

13.2) Could a combiner be useful? Provide a short motivation ta pogwer.

13.3) Implement the mapper and the reducer; assume that the datdready tokenized and use any language
or high-level pseudo-code.



A directed graph is a patt = (V, E), whereV/, thevertex set is a finite set of terms, anf C V' x V is the
edge set. Theindegree of a vertexv € V' is the number of incoming edges (the cardinalityh (V' x {v})),
while its outdegreeis the number of outgoing edges (the cardinalitysoh ({v} x V)).

An edge inE can be represented by a line of text containing two termsf{tbieis the origin, the second the
destination of the edge). The edge Bkis therefore represented by a collection of lines of text.

Given a collection of lines describing the edge Beteither coming from a single file or split among several
files), we want to design a MapReduce system to produce d listtices, each associated with a pair of integers
representing their indegree and outdegree.

For example, consider the set of lines on the left. The rigufhapping is shown on the right.

lorem +— (0,2)
lorem ipsum| dolor sit ipsum — (2,1)
amet  ipsum| lorem dolor = dolor ~— (1,2)
ipsum sit| dolor amet sit —  (2,0)
amet +— (1,1)

The corresponding graph is the following:

ipsum

_—/

amet sit

lorem dolor

14.1) What are the domain and codomain of tkp andReduce functions? Is it possible to use tReduce
function as a combiner as well?
14.2) Write a pseudo-code implementation of the relevant funestio

Below is a table showing how a human judge rated the relevahaeset of 15 documents with respect to a
particular information need (0 = nonrelevant, 1 = relevant)

| docID | relevance | | docID | relevance | | docID | relevance |
1 0 6 1 11 1
2 1 7 0 12 1
3 1 8 0 13 1
4 1 9 0 14 1
5 0 10 1 15 1

Let us assume that two different information retrieval eegi(S1 and S2) compute for this query the following
rankings:

S1:(5,8,9,1,3,4,2,10,12,13,15,6,7,14,11) and S2:(7,8,1,10,12,2,3,5,13,15,14,4,6,9, 11).

15.1) Does intuition suggest that one of the two IR system is bétean the other?

Show that your guess is right by analysing the performantieefwo systems and by comparing them.

Use the most suitable performance measures and methodg dhuse we have seen during the course, giving
as much evidence as you can.

15.2) Suppose the IR engine can return only the first 8 documenkegetager. Compare the performance of the
systems in this case.

Which IR system is the best? Justify your answer.



Consider the following set of documents, where the vocapusacomposed of three words and we have two
categoriesA and B:

(5,6,0) — A
(2,1,3) — A
(7,7,0) — A
(2,2,5) — A
(0,8,4) — B
(2,0,8) — B
(7,1,3) — B

16.1) Perform one iteration of thé-means algorithm assuming that the initial clustering esponds to the
provided categorization. Show the final clustering.

16.2) Suppose that the document set is used as a training set faeaviedk-Nearest-Neighbors classifier.
Given the new documei(t, 4, 1), how would the classifier categorize it for= 1? What fork = 3?

Below is a table showing how two human judges rated the ratevaf a set of 12 documents to a particular
information need (0 = nonrelevant, 1 = relevant).

Let us assume that you have written an information retriengiine that for this query returns the set of docu-
ments{4, 5, 6,7, 8}.

docID | Judgel | Judge? |

1 0 0
2 0 0
3 1 1
4 1 1
5 1 0
6 1 0
7 1 0
8 1 0
9 0 1
10 0 1
11 0 1
12 0 1

17.1) Calculate the precision and recall of your system if a doautrizeconsidered relevant only if both judges
agree.

17.2) Calculate the precision and recall of your system if a doautriseconsidered relevant if either judge thinks
it is relevant.

17.3) Suppose the documents are returned by your IR engine in tbed®r as in the table.

a. Plot the Precision versus Recall graph for the first case¢ament is considered relevant only if both
judges agree) when varying the number of documents retyfhddcument returned, 2 documents re-
turned, etc).

b. Determine the interpolated precision at lewet 0.5 of recall.

¢. How many documents should the system return in order tomizg its performance? Justify your
answer.



The network of references for a set of five hypertexts is gimdigure:

o o

Compute the first 5 iterations of the PageRank and HITS dlguos in the following hypotheses:

No damping factor.

Initial PageRank vector gives probability 1 to node 1.

Initial hub and authority vectors are uniformly 1 over alldes.

e No normalization required.

The network of references for a set of four hypertexts ismindigure:

19.1) Execute the first four steps of the PageRank algorithm staftom user being with certainty at node 1
(no damping factor).
19.2) Compute the stationary PageRank scores of the documents.

Suppose that a query, executed on the same network as Exggiseturns nodes 1 and 2, as thet set and
that we want to use the HITS algorithm in order to rank the page

20.1) Define the expanded set and the base set for the given query.

20.2) Compurte the first five iterations of the HITS algorithm for theese set.

20.3) Which hub and authority values will asymptotically domfat

Let a hypertext system be a complete bipartite graph withi&sfaund 2 authorities.

21.1) For every node in the system, draw a link from the node tdfit¥étite the adjacency matrix of the system,
and normalize it for use with the PageRank algorithm.

21.2) What is the PageRank score of the nodes in the system? Piustld@n analytical proof and an intuitive
explanation. Assume no damping factor.

21.3) Now add a link from one of the authorities to one of the hubs.atW the PageRank score of the nodes
now? Provide both an analytical proof and an intuitive erptaon.

Solution — 21.1) The requested graph is the following:



D)
X
D)
X
The adjacency matrix, assuming that hubs are the first thoéesy and its normalized version is
1 0 0 1 1 /3 0 0 1/3 1/3
01 0 1 1 o 1/3 0 1/3 1/3
E=(0 0 1 1 1 L=]10 o0 1/3 1/3 1/3
00 0 1 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 1

21.2) We must find the principal eigenvector, corresponding temiglue 1 of matrix@ ™ :

LTv=v
Let us make the system explicit:
v = 11)
1 — 3 1
V: = 11}
2 — 3 2
U, = 11}
3 — 3 3
1
vg = g(U1+U2+U3)+'U4
1
vs = g(U1+U2+U3)+'U5

Therefore, principal eigenvectors are of the fo{n0, 0, v4, vs). The vector must be normalised, so thatt- vs = 1, and
by symmetry considerations we get the final scgfe0,0,1/2,1/2).

By intuition, after one step (at most) the user will be trapppeone of the authorities, and will never go back; thus, the
PageRank score of the hubigafter a transient period the user will never visit them).ggymetry, the probability of the
user being in any authority is equal.

21.3) The graph becomes:

-

)
-

)
-

corresponding to the following adjacency matrix (on théxtighe normalized version):

13 0 0 1/3 1/3
0 1/3 0 1/3 1/3
r'=|lo0o o 1/3 1/3 1/3
12 0 0 1/2 0
0 0 0 0 1

S|

Il
O = OO
S oo~ O
[ Ne e N
O ==
— O =

The eigenvector equation
L'y =v



becomes:

v = 1v —ﬁ—lv
1 - 3 1 2 4
v, = X
2 — 37)2
V. = 11)
3 — 3 3
= Tttt
Va4 = 3 (% V2 V3 2U4
1
vs = g(vl +v2 +v3) + vs

Therefore, principal eigenvectors are of the fdiin0, 0, 0, vs ), and by normalization we get the final sco(e; 0,0, 0, 1).
By intuition, sooner or later the user will be trapped in thegrauthority, and will never go out.

Let V7 andV4 be two finite sets. Then the set of edges in a complete dirbgpadtite graph havind; as source
nodes and/’;, as destination nodes is the Cartesian product of the two sets

VixVa={(i,j):i€VinjeVa}
Let us define graptiy = (V, E) where:
Vo= {1,...,12}
E ({1,2,3}>< {4,5,6}) U ({5,6}x{7,8}) U ({9, 10} x {11,12}).

The three subsets @ identify three bipartite components 6f

G = ({1,...,6},{1,2,3}x{4,5,6})
Gy = ({5,...,8},{5,6}><{7,8})
Gy = ({9,...,12},{9,10}><{11,12})

Note that the three components are not disjoint, but thetgisapot connected.

For every node:, according to the HITS scoring system, Igt) be itshub score and leta(n) be itsauthority
score. Moreover, if B = (Vp, Ep) is a bipartite graph, itsmportance I(B) as the sum of hub scores of its
source nodes plus the sum of the authority scores of itsragigth nodes:

IB)= > hi)+ > al).

i:3j(i,j)€EB i:3j(j,i)€ER

22.1) Which bipartite component (amorn@,;, G, andG3) will asymptotically achieve the maximum impor-
tance, and why?

22.2) Simulate three iterations of the HITS system starting witm#dorm value ofl to all hub and authority
scores. What is the importance of each bipartite compoaetite end?

22.3) If the edge(3,9) is added to&, how do you expect the importance scores of the three conmpete
change, and why?

22.4) With the further addition of edgél0, 3) to the graph, how do you expect the importance scores of the
three components to change, and why?

Solution — The initial graph is the following (the three bipartite conments are also shown):



22.1) The HITS ranking system favors the largest bipartite corepgnwhich corresponds to the principal eigenvector
of ET E. Therefore, component; will asymptotically prevail.

22.2) Authority scores:
Node 1 2 3 4 5 6 7 8 9 10 11 12
Initialvalue | 1 1 1 1 1 1 1 1 1 1 1 1
Step 1 0O 0 0 3 3 3 2 2 0 O 2 2
Step 2 0O 0 0 9 9 9 4 4 0 O 4 4
Step 3 0O 0 0 27 27 27 8 8 0 O 8 8
Hub scores:
Node 1 2 3 4 5 6 7 8 9 10 11 12
Initial value | 1 1 1 1 1 1 1 1 1 1 1 1
Step 1 3 3 3 0 2 2 0 0 2 2 0 0
Step 2 9 9 9 0 4 4 0 0 4 4 0 0
Step 3 27 27 27 0 8 8 0 O 8 8 0 0
Hub scores:

Component| Gi G2 Gs

Initial value | 6 4 4
Step 1 18 8 8
Step 2 54 16 16
Step 3 162 32 32

22.3) After the new edge, the graph is the following:

Due to the current hub value of node 3, the authority valueoder® increases, and in turn also the hub value of node 3 will
increase, and therefore the authority values of nodes fidb6aTherefore, the new edge cau$és) to increase. On the
other hand, the authority value of node 9 does not impadt(6#), where it is a source, and for the same reason the new
edge has no impact af{G2).

22.4) Finally, after the addition of the last edge:



The edge impacts on the authority score of node 3, therdf@re) andI(G2) do not change, and the hub
score of node 10 (and hence the authorities of nodes 11 anid iyreased. Therefore, the new edge only
impacts on/ (G3).

A set of four web pages (A, B, C and D) is completely connectdidhages contain links to every other page,
while no page contains links to itself.

23.1) Compute the PageRank score of all pages.

23.2) Now add web page E, and two links: one from C to E, the second #do D (so that E has exactly an
incoming link and an outgoing link). Compute the PageRarkesof all pages.

Consider a document corpus with= 6 documentsp = 5 terms. Suppose that documents have been clustered
intom’ = 2 clusters and terms have been clustered irite- 2 clusters. The following document-term matrix
and cluster attribution has been determined:

112(3]4]|5

111212
111 (X
2|2 X1 | X
31 X | X]| | X
4117 | X| [|X
5|2 X | X
6|2 X | X

24.1) Consider the Jaccard index as similarity measure. Suppasalt we know about a document is that it
contains term 2. Which other term is most likely to occur ia Hame document?
24.2) Compute the following probabilities for all suitable indexiues:

¢ the probabilityp;, that a random document belongs to cluster
o the probabilityp; that a random item belongs to clusgér
o the probabilityp; ; that a document in clustér contains a term in cluster.

24.3) Perform a step of the Gibbs Sampling technique on documbptcomputing the posterior probabilities
w4 fori’ = 1,2. Was the proposed cluster attribution likely, or will it beopably changed?



Given the following three documents (each row is a documedieach cell corresponds to a term and contains
its term id)

111|]2|1]|5|2]|2
2141313121
3122|5433

assume a multinomial model for the document generation stimdate the parameters of the term distribution by
using the maximum likelihood estimation meth@8how all the steps to obtain the best parameter estimation)

As all the documents have the same length, ass#tte = [4/©) = 1 in the multinomial model
P(lg,n(d,t)]O©).

Solution — The multinomial model for a document generation is the foihg:

P(d|®) = P(l4,n(d,t)|©) = P(L = 14|©) < > I1 gr(@ ”

ted

where® = (6,Vt € T') andT is our vocabulary.
We have a seD = (di, dz, d3) of iid observations, thu®(D|©) =[], P(d|©)
In this case, as we assum% L = [4|0) = 1, then:

e = <{n 0.1 )HH@ “ @

This model corresponds to the likelihood functib(©|D).

We want to estimate th® parameters which maximize the likelihood function. We carnhat by computing the partial
derivatives with respect to each one of the paraméteasnd putting them equal to zero.

From now on we will consider the log likelihood function whits easier to derive:

logL(©|D) = log( <{n(l; t)}>) + Z Z n(d, t)log(0:) (3)

moreover there is one constraint to the maximization, narhél 0; = 1, thus we perform a standard Lagrangian
optimization:

%[log(<{ > +ZZ (d,t)log(6:) — Z@t—l (4)

OlogL >, n(d,t)
= ~A=0
00 04
then the estimation of our parameters is:

(®)

g, _ Tanld:t) ©

A
In order to compute the Lagrangian multipligrwe consider the constraidt, 6; = 1 which become$_, M =
landthus\ =5, %", n(d,t) = >, la = n- la, wheren = |D|.

The parameters are:

d,t
o Tan(d.t) -
n-lg
Substituting the values we obtafil = 2= = 2,0, = 5,03 = =,04 = £,05 = 3.

Solve the previous exercise by using the least squares the®ww all the steps to obtain the best parameter
estimation)



Given the following three documents (each row is a documedieach cell corresponds to a term and contains
its term id)
1[1]2]1]5]2]2]3]2]
2(1(3|1|5[|2]|2
322514332
assume a multinomial model for the document generation atith@e the parameters of the term distribution
by using the least square methdghow all the steps to obtain the best parameter estimation)

A document set has been partitioned into two clusters. Foln eluster,100 2-shingles have been sampled
randomly. Shingles were divided into four categories4” (term 2 followed by term 4),2, 4” (term 2 followed
by any term different from 4),2, 4” (any term different from 2 followed by term 4) and,4”.

The following tables show the results of our sampling in tdus 1 and 2 respectively:

Ci| 4 4 Cy |4 4
2 120 10 2 |10 10
2 |10 60 2 10 80

28.1) Based on the above contingency tables, what are the refatigeencies of terms 2 and 4 within the two
clusters? What are the relative frequencies of terms éifficirom 2 and 4?
28.2) Consider the following term-based generative model foudoents:

1. Choose the cluster by an unbiased coin throw.
2. Document length is always 6.

3. Choose every term of the document independently with gty equal to the frequency of the term
within the chosen cluster.

(Hint: the model depends on fofnee parameters, i.e., probability of term 2 and probabilityerit 4 within
each cluster).
Use this model to determine the maximume-likelihood clustgof the three following documents:

e d; =1,2,4,2,3,5
o dy=3,2,1,3,54
o dy=1,2,4,2,4,2

28.3) Use a similar generative model based on shingles insteaatrast considering every shingle as indepen-
dent of the others (so that every document is made of 5 indkgrdshingles).
Use this model to determine the maximum-likelihood clusgeof the same documents.

Nota bene: this is not an exercise about parameter estimation. Paeasn@re already given, only document
attribution to clusters must be decided.

Solution — 28.1) We just count the frequency of shingles containing term Zhmtvo clusters and divide by the
total number of samples. In cluster 1, for exampiésamples out 0100 contain term 2. We do similarly for term 4, then
compute the remaining probability:

| Term2 Term4 Any other term
Ch 3 3 4
Cs 2 1 7

28.2) We must compute the probability for each document to be géeewithin each cluster. Since every term is
generated independently, the probability of the docunejust the probability of each term being selected in its tpmsi
Let us define ap;; the probability for documentto be generated in clustgr For example:

p21 =4 x.3%X.4x%x.4x.4x.3=.002304

Probabilities are:



| Ci Co

di | .001728 .001372
d2 | .002304 .004802
ds | .000972 .000056

Therefore, documents, andds are attributed to cluster,, documentls to clusterCs.
28.3) Same computation with shingles:

| & Cs
di | 00432 00512
dy | 00216 0
ds | .00864 .00512

Notice that the probability thads is generated in clustef> is null because it contains the shing,4”. Therefore,
documentsl; andds are attributed to clustet;, while d; is attributed to clustef’s.

As a part of a clustering method, we decide to compute for dachiment! the number of occurrences of the
most frequent term in that document:

N(d) = .

(d) = maxn(t, d)
We want to modelV (d) as a Poisson random variable with paramateso that given a random documehin
our corpus we have
Ane—A
n!

Pr(N(d) =n;\) =

29.1) Given a sampled document skt . . . , dx, show that the maximum likelihood estimate)oih the Poisson
model is the average df (d;).
29.2) Determine) based on the following sample:

e d1=(1,2,3,4,3,2,3,3,2,1,5,6,3)

® d2 = (3’ 274,4,2,3,2,475’ 176)
[ ] d3:(6,4,3,572a671’7)

° d4 = (6a 574a372a 172’6’2’ 2)

o ds = (4,3,4,2,5,4,1,6,3)
Solution —

29.1) The likelihood ofX with respect to the sample set is
k k
L\ N(dv), ..., N(dx)) = Pr(N(dr),...,N(d); \) = [ [ Pr(N(di); A) = [ |
=1
Therefore, the log-likelihood is

log L(A : N(d1),...,N(dw)) = Z(N(di)log)\ — A —log N(d;)!),

=1

.

and its derivative with respect tois

% log L(\; N(dy), ..., N(dy))

Il

<@ _1) — %iN(di) —k

Equating the derivative to zero, we get

29.2) By counting:
N(dl):57 N(d2)237 N(d3):27 N(d4):47 N(d5):37
the maximum likelihood estimate is the average of theseegativer thés-document sample:

5+3+2+4+3 17

A= .
5 5



