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Let V7 andV; be two finite sets. Then the set of edges in a complete dirégpedtite graph havind;, as source
nodes and/’;, as destination nodes is the Cartesian product of the two sets

VixVo={(i,j) i€ ViAj € Va}
Let us define grapty = (V, E) where:
Vo= {1,...,12)
E ({1,2,3}><{4,5,6}> U ({576}><{7,8}) U ({9, 10}><{11,12}).

The three subsets @ identify three bipartite components 6f

G, = ({1,...,6},{1,2,3}x{4,5,6})
Gy = ({5,...,8},{5,6}x{7,8})
Gy = ({9,...712},{9,10}><{11,12})

Note that the three components are not disjoint, but thehgisapot connected.

For every noder, according to the HITS scoring system, lét:) be itshub score and leta(n) be itsauthority
score. Moreover, if B = (Vp, Eg) is a bipartite graph, itsmportance I(B) as the sum of hub scores of its
source nodes plus the sum of the authority scores of itsmégigth nodes:

IBy= > hi)+ > a).

:35(i,j)€ER :3j(j,i)€ER

1.1) Which bipartite component (amorig, Go andG3) will asymptotically achieve the maximum importance,
and why?

1.2) Simulate three iterations of the HITS system starting witméorm value of1 to all hub and authority
scores. What is the importance of each bipartite componttite &nd?

1.3) If the edge(3,9) is added toGG, how do you expect the importance scores of the three compone
change, and why?

1.4) With the further addition of edg@l 0, 3) to the graph, how do you expect the importance scores of tee th
components to change, and why?

The initial graph is the following (the three bipartite cooments are also shown):



1.1) The HITS ranking system favors the largest bipartite conepgnwhich corresponds to the principal eigen-
vector of ET E. Therefore, componeirdt; will asymptotically prevail.

1.2) Authority scores:
Node 1 2 3 4 5 6 7 8 9 10 11 12
Initialvalue | 1 1 1 1 1 1 1 1 1 1 1 1
Step 1 0O 0 0 3 3 3 2 2 0 O 2 2
Step 2 0O 0 0 9 9 9 4 4 0 0 4 4
Step 3 0O 0 0 27 27 27 8 8 0O O 8 8
Hub scores:
Node 1 2 3 45 6 7 8 9 10 11 12
Initial value | 1 1 1 1 1 1 1 1 1 1 1 1
Step 1 3 3 3 02 2 0 0 2 2 0 0
Step 2 9 9 9 0 4 4 0 0 4 4 O 0
Step 3 27 27 27 0 8 8 0O 0O 8 8 0 0
Hub scores:

Component| G G2 Gjs

Initial value | 6 4 4
Step 1 18 8 8
Step 2 54 16 16
Step 3 162 32 32

1.3) After the new edge, the graph is the following:

Due to the current hub value of node 3, the authority valueooler® increases, and in turn also the hub value
of node 3 will increase, and therefore the authority valdesodes 4, 5, and 6. Therefore, the new edge causes
I(G,) to increase. On the other hand, the authority value of nodee8 dot impact ord (G3), where it is a
source, and for the same reason the new edge has no impagten

1.4) Finally, after the addition of the last edge:



The edge impacts on the authority score of node 3, theréfdre) and(G2) do not change, and the hub score
of node 10 (and hence the authorities of nodes 11 and 12)nsased. Therefore, the new edge only impacts
on I(Gg)

The singular value decomposition of a term-document matrix UXV 7 is

L (1 -1 0 300 1}(1)_11
U=—|1 1 0|, ==|020], V=— -
V2o 0 2 00 1 ﬁ(l)_llol

2.1) What is the rank of the matrixd?

2.2) Perform a reduction of the LSI space of one dimension.

2.3) Given the new representation of mated apply an agglomerative clustering procedure to the ciidiec
Merge the clusters at each step according tetifesimilarity measure by using as a measure of inter-document
similarity simply the dot-productd; , ds).

2.4) Draw the resulting dendrogram. How many clusters can youdiradlevel of similarity oR2?

2.5) Check the clustering results you get by cutting across thdmgram, by plotting them.

2.1) Matrix A was originally a3 x 4 matrix. The three elements in the diagonal maXiiare non-null, therefore
matrix A7 A (hence, matrix4) has full rank §).

2.2) Let us obtair/, V and$: by removing the third column frory andV/, and the third row and column from
¥, corresponding to the smallest eigenvalueidtA:

1 -1
R 1 . 3 0 ~ 1 /11 0 1
U_\/i(é é) E_(0 2)’ V_\/§<O 11 —1)'

2.3) After rank reduction, we can compute the similarity by

0
1 9 0\(/1 1 0 1
1 0 4/\0 1 1 -1

T teonr L
ATA=VRVT = 2

= O = =

Therefore, we obtain the following table of unnormalized pi@duct similarities:
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2.4) {1,2} and{1,4} are both candidates as the first cluster. Let us choose thedirs Therefore, at level 3
the first clustering step yields

Now, the highest self-similarity value is achieved by ctutl, 2,4} at level 22, so that the similarity matrix

becomes
3
{17 2, 4} %83

Therefore, at similarity leve? we have two clusters{1, 2,4} and3.
2.5) The corresponding dendrogram is

As a part of a clustering method, we decide to compute for dachhment the number of occurrences of the
most frequent term in that document:
N(d) = maxn(t,d).
teT

We want to modelV (d) as a Poisson random variable with parameatego that given a random documehin
our corpus we have
Ane—k

n!
3.1) Given a sampled document g&t . . ., di, show that the maximum likelihood estimate)oin the Poisson
model is the average df (d;).
3.2) Determine) based on the following sample:

Pr(N(d) =n;\) =

o dy =(1,2,3,4,3,2,3,3,2,1,5,6,3)
o dy=(3,2,4,4,2,3,2,4,5,1,6)
R 6,4,3,5,2,6,1,7)
[ ]

dy = (
ds = (

e dy=(6,5,4,3,2,1,2,6,2,2)
ds = (4,3,4,2,5,4,1,6,3)

3.1) The likelihood ofX with respect to the sample set is

k k
L(A;N(dy),...,N(dx)) = Pr(N(dr),...,N(di); ) = [[Pr(N(di); ») = ]

i=1 i=1

Therefore, the log-likelihood is

k
log L(A: N(dy),...,N(dx)) = Y (N(di)log A — A —log N(d;)!) ,

=1



and its derivative with respect tois

N(di)

d k
alogL(/\;N(dl),...,N(dk)) = Z ( )

Equating the derivative to zero, we get

3.2) By counting:

N(dl) =9, N(dZ) =3, N(d?)) =2,

1 k
) :X;N(di)—k.

N(dy) =4,  N(ds)=3,

the maximum likelihood estimate is the average of theseagatwver thé-document sample:
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