DTFT Properties

Example - Determine the DTFT Y (e1®) of
y[n]=(n+1)a"un], o<1
Let x[n]=a"p[n], of <1
We can therefore write
y[n]=nx[n]+ x[n]
From Table 3.3, the DTFT of x[n] Is given

b :
Y X(ejm): 1_1'@
1-oe
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DTFT Properties

 Using the differentiation property of the
DTFT given in Table 3.2, we observe that
the DTFT of nx[n] is given by

_dX (e®) .d( 1 ) oe 1®

: - 1-qe1® :(1—0ce_j°°)2

do do

e Next using the linearity property of the
DTFT given in Table 3.4 we arrive at

qe Jo 1 1

Y (e)®) = R = _
(1—oce_J°°)2 1—ae 1? (1—oce_J°°)2
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DTFT Properties
o Example - Determine the DTFT V (e/®) of
the sequence v[n] defined by
dov[n]+dv[n—1] = peo[n]+ po[n—1]
 From Table 3.3, the DTFT of d[n]is 1

« Using the time-shifting property of the
DTFT given in Table 3.4 we observe that
the DTFT of 8[n—1] is e ~1® and the DTFT
of v[n—1] is eV (e1)
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DTFT Properties

Using the linearity property of Table 3.4 we
then obtain the frequency-domain
representation of

dov[n]+dv[n—1] = peo[n]+ po[n—1]
as

doV (e'®) +die ™V (e®) = py + pe1®
Solving the above equation we get

. —Jo
V(e‘“’) _ Po+ P:€ _
dy +d,e”1¢
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Energy Density Spectrum

* The total energy of a finite-energy sequence
g[n] is given by

Ey= = lg[n]

N=—00
 From Parseval’s relation given in Table 3.4
we observe that

00 1 =
Eg= = 9[”]2:21

N=—0o0 TU—1t

. 12
G(e!®) dw
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Energy Density Spectrum

e The quantity
2
Sy (@) = ‘G(ejm)‘

IS called the energy density spectrum

e The area under this curve in the range
—nt<ow<n divided by 2r Is the energy of
the sequence
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The Frequency Response

* Most discrete-time signals encountered in
practice can be represented as a linear
combination of a very large, maybe infinite,
number of sinusoidal discrete-time signals
of different angular frequencies

e Thus, knowing the response of the LTI
system to a single sinusoidal signal, we can
determine Iits response to more complicated
signals by making use of the superposition

property
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The Frequency

Response

e Consider the LTI discrete-time system with
an impulse response {h[n]} shown below

X[n] —  hin]

— y[n]

e |ts input-output relations

nIp In the time-

domain is given by the convolution sum
Q0

y[n]= > h[K]

K=—o0

X[n — k]
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The Frequency Response

e The quantity H (ej‘”) IS called the frequency
response of the LTI discrete-time system

.« H(e!®) provides a frequency-domain
description of the system

e H (ej‘”) IS precisely the DTFT of the impulse
response {h[n]} of the system
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The Frequency Response

. H(e!®), in general, is a complex function
of ® with a period 2w

e |t can be expressed in terms of its real and
Imaginary parts | |
H(e!”) = Hre(ejw) + Him(ejw)
or, In terms of its magnitude and phase,
H(e)?) = H(e]”) el

where .
0(w) =arg H (e1°)

10
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The Frequency Response

» The function |H (e!®) is called the
magnitude response and the function 6(w)
IS called the phase response of the LTI
discrete-time system

* Design specifications for the LTI discrete-
time system, In many applications, are
given in terms of the magnitude response or
the phase response or both
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The Frequency Response

* |n some cases, the magnitude function is
specified in decibels as

G(w) =20log,g
where G(m) Is called t

H (eiw)\ dB

ne gain function

e The negative of the gain function
A (o) =-G(w)
IS called the attenuation or loss function

12
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The Concept of Filtering

* One application of an LTI discrete-time
system IS to pass certain frequency
components In an Input sequence without
any distortion (if possible) and to block

nthar frnm lency components

Viliuvil 11 L1 II\J] IIxJUI IVI IWVD

e Such systems are called digital filters and
one of the main subjects of discussion In
this course
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The Concept of Filtering

* The key to the filtering process Is

T

x(n]=1 X (e1®)el®de

|t expresses an arbitrary input as a linear
weighted sum of an infinite number of
exponential sequences, or equivalently, as a
linear weighted sum of sinusoidal sequences
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The Concept of Filtering

 Thus, by appropriately choosing the values
of the magnitude function ‘H (eJ“’)‘ of the
LTI digital filter at frequencies
corresponding to the frequencies of the

cinticnidal comnonente nf the inniit ecome nf
J Jiiluw \ W |

IHivuoviuii \JUIIIrJ 11w VI LllV IIIrJUL’ (PAVA BB AV

these components can be selectively heavily
attenuated or filtered with respect to the
others
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The Concept of Filtering

e To understand the mechanism behind the
design of frequency-selective filters,
consider a real-coefficient LTI discrete-time
system characterized by a magnitude

fiinectinn
IUAIIVRLIVIL ]

- 1, oo
joy ~ C
‘H(e )_{O, e <O
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The Concept of Filtering

* \We apply an input
X[n] = Acosm;n + Bcosw,n, O<oy<m. <y <T
to this system
e Because of linearity, the output of this

system Is
yln]=A

+B‘

17

of the form
H (e J'(”l)‘ cos(myn +0(w;))

H (e Jo; )‘COS((DZH T 9(002))
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The Concept of Filtering

e AS
H(el) =1, H(elz) =0
the output reduces to
y[n] = A‘ H (e j@1)‘003(001n +0(ay))
e Thus, the syétem actsl like a lowpass filter

 In the following example, we consider the
design of a very simple digital filter

18
Copyright © 2005, S. K. Mitra



The Concept of Filtering
e Example - The Input consists of a sum of two

sinusoidal sequences of angular frequencies
0.1 rad/sample and 0.4 rad/sample

* \We need to design a highpass filter that will
pass the high-frequency component of the
Input but block the low-frequency component

* For simplicity, assume the filter to be an FIR
filter of length 3 with an impulse response:
h[0] =h[2] =0,  h[1] =8

19
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The Concept of Filtering

e The convolution sum description of this
filter is then given by
y[n] = h[0]x][n]+ h[1] x[n —1] + h[2] X[n — 2]
= o X[n]+BX[n-1]+ax[n-2]

* y[n] and x|[n] are, respectively, the output
and the Iinput sequences

e Design ODbjective: Choose suitable values
of o and [3 so that the output Is a sinusoidal
sequence with a frequency 0.4 rad/sample
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The Concept of Filtering

* Now, the frequency response of the FIR
filter 1s given by
H (e1®) = h[0]+ h[1]e~}® + h[2]e~12®
—a(l+e7120) 4+ geI

elo pelo) . -
= 20{ , je‘l(” +pBe 1O

= (20.c0s® + B)e 1

21
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The Concept of Filtering
» The magnitude and phase functions are
H(el®) =2acoso+B
O(w) =—o

 In order to block the low-frequency
component, the magnitude function at
® = 0.1 should be equal to zero

 Likewise, to pass the high-frequency
component, the magnitude function at
® = 0.4 should be equal to one

22
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The Concept of Filtering

e Thus, the two conditions that must be

satisfied

23

H (e-

are
'0.1)

H (e 104
e Solving the a

=2ac0s(0.1)+B=0

=20.c05(0.4)+pB =1
nove two equations we get

o =—6.7/6195

B

=13.456335
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The Concept of Filtering

e Thus the output-input relation of the FIR
filter 1s given by
y[n] =-6.76195(x[n] + X[n —2]) +13.456335x[n —1]
where the Input Is
X[n]={c0s(0.1n) + cos(0.4n) }u[n]

* Program 3_3.m can be used to verify the
filtering action of the above system

24
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The Concept of Filtering

 Figure below shows the plots generated by
running this program

4 ‘ T T T T
— yIn]
| X 0n]
o xn]
Do -
=)
%-
E
<

25 Time index n
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The Concept of Filtering

shown below

e The first seven samples of the output are

n cos(0.1n) cos(0.4n) x[n] y[n]

0 1.0 1.0 2.0 —13.52390

1 0.9950041 0.9210609 1.9160652 13.956333
2 0.9800665 0.6967067 1.6767733 0.9210616
3  0.9553364 0.3623577 1.3176942 0.6967064
4 09210609 —0.0291995 0.8918614 0.3623572
5 0.8775825 —-0.4161468 0.4614357 —0.0292002
6 0.8253356 —0.7373937 0.0879419 —0.4161467
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The Concept of Filtering

 From this table, it can be seen that,
neglecting the least significant digit,

y[n]=co0s(0.4(n-1)) forn>2

e Computation of the present value of the
output requires the knowledge of the
present and two previous Input samples

e Hence, the first two output samples, y[0]
and y[1], are the result of assumed zero
input sample values atn=-1and n=-2
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The Concept of Filtering

* Therefore, first two output samples
constitute the transient part of the output

 Since the impulse response is of length 3,
the steady-state Is reached atn =N = 2

* Note also that the output Is delayed version
of the high-frequency component cos(0.4n)
of the Input, and the delay Is one sample
period
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