Continuous-Time Fourier
Transform

e Definition — The CTFT of a continuous-
time signal x,(t) Is given by

Xa(i€) = [xa(t)e 1t

« Often referred to as the Fourler spectrum or
simply the spectrum of the continuous-time

signal
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Continuous-Time Fourier
Transform

o Definition — The inverse CTFT of a Fourier
transform X, (J€2) Is given by
D= [Xa(iQ)eId0
N _»

» Often referred to as the Fourier integral
o ACTFT pair will be denoted as

CTFT

Xa(t) <> Xa(J€2)
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Continuous-Time Fourier
Transform

e O Isreal and denotes the continuous-time
angular frequency variable In radians

* In general, the CTFT Is a complex function
of Q Intherange —oo<Q <

* |t can be expressed in the polar form as
Xa(iQ) = Xa(j) e/

where _
0,(€2) =arg{X, (1<)}
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Continuous-Time Fourier
Transform

e The quantity X, (j2) is called the
magnitude spectrum and the quantity 6, ()
IS called the phase spectrum

e Both spectrums are real functions of €2

 In general, the CTFT X, (JQ) exists If x,(t)
satisfies the Dirichlet conditions given on
the next slide
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Energy Density Spectrum

The total energy Ex of a finite energy
continuous-time complex signal x, (t) Is
given by

Bi= [xa(®Pdt= [xa(0)xg(t)dt

The above expression can be rewritten as

E= ] xa(t) 5 [Xa(1)e%Md0 |dt
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Energy Density Spectrum

 Interchanging the order of the integration
we get

Ex= 5 [ Xa(iQ)| xa(e?dt |dO

= L IX3(1Q)X, (J)dO
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Energy Density Spectrum

e Hence
[Ix(t)* dt = 11X jQ)dO

* The above relation is more commonly
known as the Parseval’s relation for finite-
energy continuous-time signals
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Energy Density Spectrum

 The quantity \Xa(jQ)\2 is called the energy
density spectrum of X, (t) and usually
denoted as

Sxx (Q) — ‘Xa(jQ)‘z

* The energy over a specified range of
frequencies Q4 <Q <Qy can be computed
using Qy

Ex,r= Zln J Sxx (€2)dQ
Qa
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Discrete-Time Fourier
Transform

* Definition - The discrete-time Fourier
transform (DTFT) X (el®) of a sequence

X[n] is given by
X (eJ®)= ¥ xn]e=ion

N=—0o0

e In general, X (e!®) isa complex function
of the real variable ® and can be written as

X(ejm) = Xre(ejm)+ J Xim(ejm)
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Discrete-Time Fourier
Transform

* Xo(e)®) and X;,(e1®) are, respectively,
the real and imaginary parts of X (el®), and
are real functions of

e X (e)®)can alternately be expressed as
X (eJo) = X (e)®) e ®()
where
0(w) =arg{X (e)*)}

10
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Discrete-Time Fourier

Transform

. ‘X (ej“’)‘ is called the magnitude function
e O(mw)is called the phase function
e Both quantities are again real functions of

* In many applications, the DTF
the Fourier spectrum

* Likewise,

11

IS called

X (ej‘*’)‘ and 6(w) are called the
magnitude and phase spectra
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Discrete-Time Fourier
Transform

 Example - The DTFT of the unit sample
sequence d[n] Is given by

AEI®) = 3 8[nle o = §[0]=1

N=—0o0

« Example - Consider the causal sequence

x[n]=a"u[n], |o/<l

12
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Discrete-Time Fourier
Transform

e Its DTFT is given by

X (e1?) = Zoc "[n]e~1oN = Zoc”e‘“””

N=—o0 n=0

. —Jjoyn _ 1
= o e — -
E( ) 1-q e 1?

as ‘oce_j(”‘:\ockl

13
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Discrete-Time Fourier
Transform

e The magnitude and phase of the DTFT
X (e1®)=1/(1-0.5e71*) are shown below

‘ ‘ 0.6 ‘ ; : ‘ ‘
0.4-

15/ | 8§02 ]
B/
e 0
A

1t . g -0.2 - .

-04- J
05 | | | |
-3 -2 -1 0 1

-3
olt

Magnitude

14 X (1) = X (e71) e(m)o: -0(-o)
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Discrete-Time Fourier
Transform

e The DTFT X (e)®) of a sequence x[n] is a
continuous function of

* |t is also a periodic function of » with a
period 2m:

X (e j((oo+27ck)) _ § x[ne” j(wg+27k)N

N=—0o0

X —joaN .— j27tkn 2 —jaN i
= Y x[n]e 171N = Y x[n]e” 1" = X (&)%)
N=—o0 N=—00

15
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Discrete-Time Fourier
Transform

e Therefore

X (e1®)= S x[n]e~ 1"
N=—0o0
represents the Fourier series representation
of the periodic function

o As aresult, the Fourier coefficients x[n] can
be computed from X (e1®) using the Fourier
Integral 1 o

x[n]= = [X(e!)e!"dw
21

16
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Discrete-Time Fourier
Transform

e Inverse discrete-time Fourier transform:
7T . )
X[n]= + [X(el®)ei®Mdq
21

e Proof:
x[n]=i [ ( ix[(]e‘w jej(””dm
27[—75 f=—o0

17
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Discrete-Time Fourier
Transform

e The order of integration and summation can
be interchanged If the summation inside the
brackets converges uniformly, i.e. X (e!®)
exists

e Then — j ( S x[(]e~1®" je"””dco

f=—0o0

— > x[é]( jelo- f)dmj > x[f]smn(n_z)
f=—c0 2T f=—c0 n(n—Z)

18
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Discrete-Time Fourier

Transform
* Now sinn(n—é):{l, n=/
w(n—71) 0, n=/
=9[n—/]
e Hence
b 41 = S - = o

( - ) f{=—00
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Discrete-Time Fourier
Transform

e Convergence Condition - An infinite
series of the form

X (el®)= ¥ x[nle~ie"

N=—o0

may or may not converge
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Discrete-Time Fourier

Transform

* Now, If x[n] is an absolutely summable
sequence, I.e., If > |x[n] <

N=—o0

X(€?) = Txnle " < Tixn] <o

N=—00 N=—00

for all values of ®

e Thus, the absolute summability of x[n] is a
sufficient condition for the existence of the
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Discrete-Time Fourier
Transform

» Example - The sequence x[n]=a"u[n] for
o <1is absolutely summable as

> o \u[n]— 2 \oc \

N=—00 ‘OC‘

< o0

and its DTFT X (e‘(”) therefore converges
to 1/(1— e 1) uniformly

22
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Discrete-Time Fourier
Transform

e Since

00) o0 2
2x[nlzs( 2x[n]j |

N=—00 N=—00

an absolutely summable sequence has
always a finite energy

 However, a finite-energy sequence Is not
necessarily absolutely summable

23
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Discrete-Time Fourier
Transform

e Example - The sequence

1/n, n>1
XIn]= 0, n<o0

has a finite energy equal to
© (1) g2
-5[0]-%
n=1\1 6
e But, x[n] is not absolutely summable

24
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DTFT Properties

There are a number of Important properties
of the DTFT that are useful in signal
processing applications

These are listed here without proof
Their proofs are quite straightforward

We illustrate the applications of some of the
DTFT properties
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Table 3.1: DTFT Properties:
Symmetry Relations

Sequence  Discrete-Time Fourier Transform

x[n] X (e/®)
x[—n] X (e~ /@)
x*[=n] X*(el®)

Re{x[n]}  Xcs(e/?) = 3{X (/) + X*(e~/®)}
Jim{x[n]}  Xca(e/®) = 3{X (/%) — X*(e™/?))
Xcs[n] Xre (ejw)

Xcaln] jXim(e/?®)

Note: Xcs(e_j‘”) and Xca(e/®) are the conjugate-symmetric and conjugate-antisymmetric
parts of X (e/®), respectively. Likewise, xcs[n] and x¢q[n] are the conjugate-symmetric and
conjugate-antisymmetric parts of x[n], respectively.

x[n]: A complex sequence
2 [ ] P q Copyright © 2005, S. K. Mitra



Table 3.2: DTFT Properties:
Symmetry Relations

Sequence Discrete-Time Fourier Transform
x[n] X (/) = Xre(e/®) + jXim(e!®)
Xey[n] ch(ejw)
Xod[n] J Xim(e’?)

X(el®) = X*(e7/®)
Xre(e!®) = Xre(e™/®)
Symmetry relations Xim(ej“’) = —Xim (e_j“’)
X (/)| =X (/)
arg{X (e/?)} = —arg{X (¢ 7/ ®))

Note: xey[n] and xy,4[n] denote the even and odd parts of x[n], respectively.

27 X[n]: A real sequence _ _
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Table 3.4:General Properties of
DTFT

Type of Property Sequence Discrete-Time Fourier Transform
gln] G(e/®)
h[n] H(e’?)
Linearity ag(n] + Bh(n] aG(e/?) + BH(e/®)
Time-shifting gln = ny) e~/ WMo G (eJ®)
Frequency-shifting el @o g[n] G (ej (“’_‘""))
Differentiation .dG(e/?)
: ng(n] J—
in frequency dw
Convolution g[nl®h(n] G(e/?)H (e/®)
Modulation g[nlhln] = [T G(el%) H(el @) do
00 L _ .
Parseval’s relation Z g[n)h*[n] = 2—f G/ H* (/) dw
28 = T

. Mitra



