
ContinuousContinuous--Time FourierTime FourierContinuousContinuous--Time Fourier Time Fourier 
TransformTransform

• Definition – The CTFT of a continuous-
time signal is given by)(txtime signal           is given by

∫=Ω
∞

Ω− dtetxjX tj)()(

)(txa

• Often referred to as the Fourier spectrum or

∫Ω
∞−

dtetxjX aa )()(

Often referred to as the Fourier spectrum or 
simply the spectrum of the continuous-time 
signalsignal 
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ContinuousContinuous--Time FourierTime FourierContinuousContinuous--Time Fourier Time Fourier 
TransformTransform

• Definition – The inverse CTFT of a Fourier 
f i i b)( ΩXtransform               is given by

∫ ΩΩ
∞

Ω djXt tj)(1)(

)( ΩjXa

∫ ΩΩ
π

=
∞−

Ω dejXtx tj
aa )(

2
)(

• Often referred to as the Fourier integral
• A CTFT pair will be denoted asA CTFT pair will be denoted as

)()( CTFT
Ω↔ jXtx aa
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ContinuousContinuous--Time FourierTime FourierContinuousContinuous--Time Fourier Time Fourier 
TransformTransform

• is real and denotes the continuous-time 
l f i bl i di

Ω
angular frequency variable in radians

• In general, the CTFT is a complex function g , p
of       in the range
It b d i th l f

Ω ∞<Ω<∞−
• It can be expressed in the polar form as

)()()( ΩθΩ=Ω aj
aa ejXjX

where
)()( aa jj

)}(arg{)( Ω=Ωθ jXaa
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ContinuousContinuous--Time FourierTime FourierContinuousContinuous--Time Fourier Time Fourier 
TransformTransform

• The quantity                is called the 
i d d h i

)( ΩjXa
)(θmagnitude spectrum and the quantity           

is called the phase spectrum
)(Ωθa

• Both spectrums are real functions of 
I l th CTFT i t if

Ω
)( ΩjX )(t• In general, the CTFT              exists if           

satisfies the Dirichlet conditions given on 
)( ΩjXa )(txa

the next slide
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Energy Density SpectrumEnergy Density Spectrum

• The total energy       of a finite energy 
i i l i l i

xE
)(continuous-time complex signal          is 

given by
)(txa

∫=∫=
∞∞

dttxtxdttx aaax )()()( *2
E

• The above expression can be rewritten as
∞−∞−

p

∫ ⎥
⎦

⎤
⎢
⎣

⎡
∫ ΩΩ=

∞ ∞
Ω−

π
dtdejXtx tj

aax )()( *
2
1

E
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Energy Density SpectrumEnergy Density Spectrum

• Interchanging the order of the integration 
we get

∫
⎤⎡

∫
∞ ∞

Ωtj*1 ∫ Ω⎥
⎦

⎤
⎢
⎣

⎡
∫Ω=

∞− ∞−

Ω−
π

ddtetxjX tj
aax )()(*

2
1E

∫ ΩΩΩ=
∞

∞
π

djXjX aa )()(*
2
1

∞−

∫ ΩΩ=
∞

djXa
2

2
1 )(
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Energy Density SpectrumEnergy Density Spectrum

• Hence

∫ ΩΩ=∫
∞

π

∞
djXdttx a

2
2
12 )()(

• The above relation is more commonly 
∞−∞−

known as the Parseval’s relation for finite-
energy continuous-time signalsgy g
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Energy Density SpectrumEnergy Density Spectrum

• The quantity                  is called the energy 
d i f d ll

2)( ΩjXa
)(density spectrum of          and usually 

denoted as
2

)(txa

Th ifi d f

2)()( Ω=Ω jXS axx

• The energy over a specified range of 
frequencies                       can be computed ba Ω≤Ω≤Ω
using

Ω∫ Ω=
Ωb

dSxxrx )(
2
1

E

Copyright © 2005, S. K. Mitra
8

∫
Ω

π
a

xxrx )(
2,E



DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Definition - The discrete-time Fourier
jtransform (DTFT)               of a sequence 

x[n] is given by
)( ωjeX

[ ] g y

∑=
∞ ω−ω njj enxeX ][)(

• In general, is a complex function)( ωjeX
−∞=n

In general,                is a complex function 
of the real variable ω and can be written as

)(eX

)()()( ωωω jjj XjXX
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• and                  are, respectively, 
j

)( ωj
re eX )( ωj

im eX
the real and imaginary parts of             , and 
are real functions of ω

)( ωjeX

• can alternately be expressed as)( ωjeX
)()()( ωθωω jjj XX

where

)()()( ωθωω = jjj eeXeX
where

)}(arg{)( ω=ωθ jeX
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• is called the magnitude function)( ωjeX
• is called the phase function
• Both quantities are again real functions of ω

)(ωθ
• Both quantities are again real functions of ω
• In many applications, the DTFT is called 

the Fourier spectrum
• Likewise and are called the)( ωjeX )(ωθ• Likewise,               and         are called the 

magnitude and phase spectra
)( jeX )(ωθ
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Example - The DTFT of the unit sample 
sequence δ[n] is given by

ω∞ω njj 1]0[][)( =δ=∑δ=Δ ω−

−∞=

ω nj

n

j ene

• Example - Consider the causal sequence

1][][ n 1],[][ <αμα= nnx n

Copyright © 2005, S. K. Mitra
12



DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Its DTFT is given by

∑α=∑ μα=
∞ ω−∞ ω−ω

0
][)( njnnjnj eeneX

=−∞= 0nn
∞ ω− =∑ α= nje 1)( ω−α−=

=∑ α= jen
e

10
)(

1<ω− jas 1<α=α ωje
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• The magnitude and phase of the DTFT               
jj are shown below)5.01/(1)( ω−ω −= jj eeX
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• The DTFT               of a sequence x[n] is a )( ωjeX
continuous function of ω

• It is also a periodic function of ω with aIt is also a periodic function of ω with a 
period 2π:

∑=
∞

−∞=

π+ω−π+ω

n

nkjkj oo enxeX )2()2( ][)(
n

nkjnj eenx o π−∞ ω−∑= 2][ )(][ oo jnj eXenx ω∞ ω− =∑=
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DiscreteDiscrete--Time Fourier Time Fourier 
TransformTransform

• Therefore                                       

∑
∞ ω−ω njjX ][)(

h F i i i

∑=
−∞=

ωω

n

njj enxeX ][)(

represents the Fourier series representation 
of the periodic function

• As a result, the Fourier coefficients x[n] can 
be computed from              using the Fourier )( ωjeXp g
integral

)(

∫ ω=
π

ωω deeXnx njj )(1][
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Inverse discrete-time Fourier transform:

∫ ω
π

=
π

ωω deeXnx njj )(
2
1][

• Proof:
π π−2

∫ ω⎟
⎠
⎞

⎜
⎝
⎛ ∑

π
=

π
ω∞

∞

ω− deexnx njj

l

ll][
2
1][

⎠⎝π π− −∞=l2

Copyright © 2005, S. K. Mitra
17



DiscreteDiscrete--Time FourierTime FourierDiscreteDiscrete Time Fourier Time Fourier 
TransformTransform

• The order of integration and summation can 
be interchanged if the summation inside the 
brackets converges uniformly, i.e.              )( ωjeXg y,
exists

• Then ∫ ⎟
⎞

⎜
⎛ ∑

π
ω∞ ω− dnjj ll][1

)(

• Then ∫ ω⎟
⎠
⎞

⎜
⎝
⎛ ∑

π π−

ω

−∞=

ω deex njj

l

ll][
2

)(
)(sin][

2
1][ )(

l

l
ll

l

l

l −π
−π=⎟

⎠
⎞

⎜
⎝
⎛ ω
π

= ∑∫∑
∞

∞=

π

π

−ω∞

∞= n
nxdex nj
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Now ll =
=−π nn ,1)(sin

ll ≠
=

−π nn ,0)(

][ lδ
• Hence

][ l−δ= n

][][][
)(

)(sin][ nxnxnx =∑ −δ=−π
∑

∞∞
ll

l

l
l

)(n −π −∞=−∞= ll l
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Convergence Condition - An infinite 
series of the form

∞ ωω njj ∑=
−∞=

ω−ω

n

njj enxeX ][)(

may or may not converge
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Now, if x[n] is an absolutely summable 
seq ence i e if ∑

∞
][sequence, i.e., if ∞<∑

−∞=n
nx ][

∞<∑≤∑=
∞∞ ω−ω njj nxenxeX ][][)(

for all values of ω
−∞=−∞= nn

• Thus, the absolute summability of x[n] is a 
sufficient condition for the existence of the 
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Example - The sequence                         for     ][][ nnx nμα=
is absolutely summable as1<α

<∑∑
∞∞ 1][ nn ∞<

α−
=∑ α=∑ μα

=−∞= 1
][

0n

n

n

n n

jand its DTFT              therefore converges 
to uniformly

)( ωjeX
)1/(1 ω−α− jeto   uniformly)1/(1 αe
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Since
2
,][][

2
2

⎟
⎠
⎞

⎜
⎝
⎛ ∑≤∑

∞

∞=

∞

∞= nn
nxnx

an absolutely summable sequence has 
⎠⎝ −∞=−∞= nn

always a finite  energy
• However a finite-energy sequence is not• However, a finite-energy sequence is not 

necessarily absolutely summable
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DiscreteDiscrete Time FourierTime FourierDiscreteDiscrete--Time Fourier Time Fourier 
TransformTransformTransformTransform

• Example - The sequence 

⎩⎨
⎧=][nx 00

11
≤
≥

n
nn,/

has a finite energy equal to
⎩ 00 ≤n,

6
1 22 π=∑ ⎟
⎠
⎞

⎜
⎝
⎛=

∞
xE

• But, x[n] is not absolutely summable
61 ⎠⎝=n n
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DTFT PropertiesDTFT Properties

• There are a number of important properties 
of the DTFT that are useful in signal 
processing applicationsp g pp

• These are listed here without proof
h i f i i h f d• Their proofs are quite straightforward

• We illustrate the applications of some of theWe illustrate the applications of some of the 
DTFT properties
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Table 3.1:Table 3.1: DTFT Properties: DTFT Properties: 
Symmetry RelationsSymmetry Relations
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Table 3.2:Table 3.2: DTFT Properties: DTFT Properties: pp
Symmetry RelationsSymmetry Relations
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Table 3.4:Table 3.4:General Properties of General Properties of 
DTFTDTFTDTFTDTFT
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