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Fair CTL Model Checking: Generalities

Fairness/Justice

An event E occurs infinitely often. Example:
@ Let R; be true iff the process i is running.
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Fair CTL Model Checking: Generalities

Fairness/Justice

An event E occurs infinitely often. Example:
@ Let R; be true iff the process i is running.
@ Fairness: every process runs infinitely often.

/\ GFR
i

(It is often used as condition for other properties.)
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Fair CTL Model Checking: Generalities

Fairness/Justice

An event E occurs infinitely often. Example:
@ Let R; be true iff the process i is running.
@ Fairness: every process runs infinitely often.

/\ GFR
i

(It is often used as condition for other properties.)
@ You cannot express the condition in CTL:
o GF¢ = AGAF,
but (GF¢) — ¢ # (AGAF¢) — 1,
because FG¢’' # EFEG¢'.
There is no CTL formula equivalent to FG¢
(FG¢ # AFAG¢ and FG¢ # EFEG¢).
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Fair CTL Model Checking

@ Let Mbe the KS M = (S, Sy, R, L, AP) and M the fair version
M = (S, Sy, R,L,AP,FT), FT = {F4, ..., Fn}.
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Fair CTL Model Checking

@ Let Mbe the KS M = (S, Sy, R, L, AP) and M the fair version
M; = (S, Syo,R,L,AP,FT), FT = {Fq,..., Fn}.
@ A path is fair iff it visits every F; infinitely often.
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Fair CTL Model Checking

@ Let Mbe the KS M = (S, Sy, R, L, AP) and M the fair version
M; = (S, Syo,R,L,AP,FT), FT = {Fq,..., Fn}.
@ A path is fair iff it visits every F; infinitely often.
@ Fair CTL model checking restricts the path quantifiers to fair paths:

o My, s = Agiff m = ¢ for every fair path 7 = s, Si44, ...
o My, s = Eg iff m = ¢ for some fair path 7 = s, Sj1q, ...
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Fair CTL Model Checking

@ Let Mbe the KS M = (S, Sy, R, L, AP) and M the fair version
M; = (S, Syo,R,L,AP,FT), FT = {Fq,..., Fn}.
@ A path is fair iff it visits every F; infinitely often.
@ Fair CTL model checking restricts the path quantifiers to fair paths:

o My, s = Agiff m = ¢ for every fair path 7 = s, Si44, ...
o My, s = Eg iff m = ¢ for some fair path 7 = s, Sj1q, ...
@ We introduce Ay and Ey, the restricted versions of the quantifiers
A and E:
o My, s=Apiff M,s = A
o M, s ): E(,ZSIffM,S }: E:¢
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Fair CTL Model Checking

@ Let Mbe the KS M = (S, Sy, R, L, AP) and M the fair version
M; = (S, Syo,R,L,AP,FT), FT = {Fq,..., Fn}.
@ A path is fair iff it visits every F; infinitely often.
@ Fair CTL model checking restricts the path quantifiers to fair paths:

o My, s = Agiff m = ¢ for every fair path 7 = s, Si44, ...
o My, s = Eg iff m = ¢ for some fair path 7 = s, Sj1q, ...
@ We introduce Ay and Ey, the restricted versions of the quantifiers
A and E:
o My, s=Apiff M,s = A
o Mf,S ): E(,ZSIffM,S }: Ef¢
@ Fair state: a state from which at least one fair path originates, that
is, a state s is a fair state in My iff My, s |= EGtrue.
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Fair CTL Model Checking

@ In order to solve the fair CTL model checking problem, we must be
able to compute:
o [EX(o)]
o [Es(pUy)]
o [E/Gy].
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Fair CTL Model Checking

@ In order to solve the fair CTL model checking problem, we must be
able to compute:
o [EX(o)]
o [Es(pUy)]
o [E/Go].
@ Suppose we have a procedure Check_FairEG to compute
[EfGe].
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Fair CTL Model Checking

@ In order to solve the fair CTL model checking problem, we must be
able to compute:

o [EX(p)]
o [E/(pUy)]
o [E/Gy].

@ Suppose we have a procedure Check_FairEG to compute
[EGe].
o Let fair = E/Gtrue. (M, s = EfGtrue if s is a fair state.)
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Fair CTL Model Checking

@ In order to solve the fair CTL model checking problem, we must be
able to compute:

o [EX(p)]
o [E/(pUy)]
o [E/Gy].

@ Suppose we have a procedure Check_FairEG to compute
[EGe].

o Let fair = E/Gtrue. (M, s = EfGtrue if s is a fair state.)

@ if ¢ is Boolean, then My, s |= ¢ iff M, s = (¢ A fair)
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Fair CTL Model Checking

@ In order to solve the fair CTL model checking problem, we must be
able to compute:

o [EX(p)]
o [E/(pUy)]
o [E/Gy].

@ Suppose we have a procedure Check_FairEG to compute
[EfGe].
o Let fair = E/Gtrue. (M, s = EfGtrue if s is a fair state.)
@ if ¢ is Boolean, then My, s |= ¢ iff M, s = (¢ A fair)
@ We can rewrite all the other fair operators:
o EX(¢) = EX(¢ A fair)
o E{(pUy) = E(pU(v A fair))
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Fair CTL Model Checking

o E/X(p) = EX(y A fair):

<
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Fair CTL Model Checking

o E/X(p) = EX(y A fair):

o E(pUy) = E(oU(4 A fair)):
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Checking Fair EG (Explicit-State)

Outline

© Checking Fair EG (Explicit-State)
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG

A Strongly Connected Component (SCC) of a directed graph is a
maximal subgraph s.t. all its nodes are reachable from each other.
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Checking Fair EG (Explicit-State)

SCC-based Check_FairEG

A Strongly Connected Component (SCC) of a directed graph is a
maximal subgraph s.t. all its nodes are reachable from each other.

Given a fair Kripke model M, a fair non-trivial SCC is an SCC with at
least one edge that contains at least one state for every fair condition
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG

A Strongly Connected Component (SCC) of a directed graph is a
maximal subgraph s.t. all its nodes are reachable from each other.

Given a fair Kripke model M, a fair non-trivial SCC is an SCC with at
least one edge that contains at least one state for every fair condition
— all states in a fair (non-trivial) SCC are fair states

7
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Checking Fair EG (Explicit-State)

SCC-based Check_FairEG (cont.)

Check_FairEG ([¢]):
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Checking Fair EG (Explicit-State)

SCC-based Check_FairEG (cont.)

Check_FairEG ([¢]):
(i) restrict the graph of M to [¢];
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Checking Fair EG (Explicit-State)

SCC-based Check_FairEG (cont.)

Check_FairEG ([¢]):
(i) restrict the graph of M to [¢];
(ii) find all fair non-trivial SCCs C;

Sebastiani and Tonetta Ch. 06: Fair CTL Model Checking Monday 18th May, 2020 10/19



Checking Fair EG (Explicit-State)

SCC-based Check_FairEG (cont.)

Check_FairEG ([¢]):

(i) restrict the graph of M to [¢];
(ii) find all fair non-trivial SCCs C;
(iii) build C := U;C;;
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Checking Fair EG (Explicit-State)

SCC-based Check_FairEG (cont.)

Check_FairEG ([¢]):
(i) restrict the graph of M to [¢];
(ii) find all fair non-trivial SCCs C;
(iii) build C := U;C;;
(iv) compute the states that can reach C (Check_EU ([¢], C)).
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M= AG(Ty — AFCy) = -EfF(T; NE{G—Cy)
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
Check_FairEG(—Cy): 1. compute [-Cq]
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
Check_FairEG(—Cy): 2. restrict the graph to [~Cq]
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( Ty A )
Check_FairEG(—Cy): 3. find all fair non-trivial SCC’s
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( Ty A )
Check_FairEG(—Cy): 4. build the union C of all SCC’s
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( Ti A )
Check_FairEG(—Cy): 5. compute the states which can reach it
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _'EfF( )
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
Check_FairEU(T, ¢) = Check_EU(T, ¢ A fair)
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
fair=Check_FairEG(T)
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
Check_FairEU(T, ¢) = Check_EU(T, ¢ A fair)
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
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Checking Fair EG (Explicit-State)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
—> Property Verified
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG - Drawbacks

@ SCCs computation requires a linear (O(#nodes + #edges) ) DFS
(Tarjan).
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG - Drawbacks

@ SCCs computation requires a linear (O(#nodes + #edges) ) DFS
(Tarjan).

@ The DFS manipulates the states explicitly, storing information for
every state.
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG - Drawbacks

@ SCCs computation requires a linear (O(#nodes + #edges) ) DFS
(Tarjan).

@ The DFS manipulates the states explicitly, storing information for
every state.

@ A DFS is not suitable for symbolic model checking where we
manipulate sets of states.
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Checking Fair EG (Explicit-State)

SCC-based Check FairEG - Drawbacks

@ SCCs computation requires a linear (O(#nodes + #edges) ) DFS
(Tarjan).

@ The DFS manipulates the states explicitly, storing information for
every state.

@ A DFS is not suitable for symbolic model checking where we
manipulate sets of states.

@ We want an algorithm based on the preimage computation.
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Checking Fair EG (Symbolic)

Outline

© Checking Fair EG (Symbolic)
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Checking Fair EG (Symbolic)

Emerson-Lei Algorithm

Recall the fixpoint characterization of EG:

@ [EGy| = vZ.([¢] N [EXZ])
The greatest set Z s.t. every state z in Z satisfies ¢ and reaches
another state in Z in one step.

[EGQ)

—
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Checking Fair EG (Symbolic)

Emerson-Lei Algorithm

Recall the fixpoint characterization of EG:
@ [EGy| = vZ.([¢] N [EXZ])
The greatest set Z s.t. every state z in Z satisfies ¢ and reaches
another state in Z in one step.
We can characterize E/G similarly:
@ [E/Go] = vZ.([¢] NNecrr[EX E(ZU(Z N F)])
The greatest set Z s.t. every state z in Z satisfies ¢ and, for every
set F; € FT, z reaches a state in F; N\ Z by means of a non-trivial
path that lies in Z.

[EGq@ [E.Gg

—
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Checking Fair EG (Symbolic)

Emerson-Lei Algorithm

Recall: [E;G¢] = vZ.([¢] N N.rr[EX E(ZU(Z N F))])

state_set Check_FairEG ( state_set [¢])

z' = [o];
repeat
Z:= 7',
foreach Fiin FT
Y:= Check_ EU(Z,FiNZ);
Zz":= 7" N PrelImage (Y));
end for;
until (z7 = 2);
return z;
}

Implementation of the above formula
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Checking Fair EG (Symbolic)

Emerson-Lei Algorithm

Recall: [EfG¢] = vZ.([¢] N (gcrr[EX E(ZU(Z N F)))])

state_set Check_FairEkG ( state_set [¢]) {
z":= [¢l;
repeat
Z:= 7';
foreach Fjin FT
Y:= Check_EU(Z’,FIiNZ’");
Z':= 7" N PrelImage (Y));
end for;
until (z’7 = 2);
return z;
}

Slight improvement: do not consider states in Z \ Z’
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Checking Fair EG (Symbolic)

Emerson-Lei Algorithm (symbolic version)

Recall: [E;G¢] = vZ.([¢] N N.rr[EX E(ZU(Z A F))])

Obdd Check_FairEG(Obdd ¢) {
Z' = ¢;
repeat
Z:= 7',
foreach Fiin FT
Y:= Check_ EU(Z',FiNZ");
z":= 7" N PrelImage (Y));
end for;
until (z7 < 2);
return z;
}

Symbolic version.
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M = AG(T; — AFC;) = -EF(T; AEG-C)
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M = AG(T; — AFCy) = -EF(Ty A )
EGg =vZ.g NEXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M = AG(T; — AFCy) = -EF(Ty A )
EGg =vZ.g NEXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M = AG(T; — AFCy) = -EF(Ty A )
EGg =vZ.g NEXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

={{not C1},{not C2})

M = AG(T; — AFCy) = —EF( )
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Checking Fair EG (Symbolic)

Example: normal Check EG

F := {{ not C1},{not C2}}

M = AG(T; — AFC;) = —
EFg = E(TUg) = uZ.gV (T NEXZ) = uZ.g v EXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F := {{ not C1},{not C2}}

M = AG(T; — AFC;) = —
EFg = E(TUg) = uZ.gV (T NEXZ) = uZ.g v EXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M ): AG(T1 — AFC1) =
EFg = E(TUg) = uZ.g V (T AEXZ) = uZ.g v EXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M ): AG(T1 — AFC1) =
EFg = E(TUg) = uZ.g V (T AEXZ) = uZ.g v EXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M ): AG(T1 — AFC1) =
EFg = E(TUg) = uZ.g V (T AEXZ) = uZ.g v EXZ
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Checking Fair EG (Symbolic)

Example: normal Check EG

F :={{ not C1},{not C2}}

M ): AG(T1 — AFC1) =
— Property not verified
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( Ty A EfG_‘C1)
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( T, NE/G )
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
E/Gg =vZ.0 NEXE(ZU(Z A F1)) NEXE(ZU(Z A F))
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
E/Gg = vZ.g A Fi)) AEXE(ZU(Z A F2))
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
E/Gg — vZ.g AEXE(ZU(Z A Fy)) A F
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F := {{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _|EfF( T1 A )
E/Gg = vZ.g A Fi)) AEXE(ZU(Z A F2))
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = ﬁEfF( T1 A )
E/Gg = vZ.g AEXE(ZU(Z A Fy)) A F
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) = _‘EfF( T1 A )
Fixpoint reached
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Checking Fair EG (Symbolic)

Example: Check_FairEG

={{not C1},{not C2})

M = A/G(T; — AFCy) = —EfF( )
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Checking Fair EG (Symbolic)

Example: Check_FairEG

={{not C1},{not C2})

M ): AfG(T1 — AfFC1) =
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Checking Fair EG (Symbolic)

Example: Check_FairEG

F :={{ not C1},{not C2}}

M ): AfG(T1 — AfFC1) =
— Property verified

Sebastiani and Tonetta Ch. 06: Fair CTL Model Checking Monday 18th May, 2020 19/19



	Fair CTL Model Checking: Generalities
	Checking Fair EG (Explicit-State)
	Checking Fair EG (Symbolic)

