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Simply typed TRS  [Yamada, RTA "01]
e natural extension of first-order TRS
e higher-order functions are available

e no bound variable

+0) y — Y

+(sz)) y — s ((+2)y)
fold F' ) | | —

fold F'x) (:yys) — (Fy) ((fold F x) ys)
sum —  fold 4+ 0

=» termination proof techniques 7
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path ordering

Interpretation

path ordering, dependency pairs + filtering
path ordering

forst-ordering encoding + labelling

path ordering

dependency pairs + subterm criterion
first-ordering encoding

path ordering



Today's talk

automatic termination proof techniques for simply typed TRSs

e argument filtering

e usable rules

=>» powerful and efficient termination proof (in modular way)

1. introduction
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2. simply typed term rewriting



Types

T :=o0 | Tx---xT—-T

ryys 0[] o

S sum 0O— 0
OX0—0

F + 0O—0—0

fold (0—0—0)X0—0—0
Terms

te X UV,

t:7
Ty X XTp —T 1:71 - Uy Tpy

Lty - tp):T

s((+z)y)  (fold Fx) (:yys)

2. simply typed term rewriting



Rewrite system

(+0)y
(+(s2))y

(fold F' x) []

(fold ' x) (:y ys)

Y

s ((+2) y)

(£ y) ((fold I x) ys)
fold + 0

bbb

Rewrite sequence

sum (: (s 0) [])

(fold +0) (: (s0) [])
(+ (s 0)) ((fold +0) [])
(+(s0)0

s ((+0)0)
s 0

bbbl

2. simply typed term rewriting



Basic property of rewrite chains

infinite head rewrite steps are obained from any rewrite chain
by selecting innermost non-terminating subterms

{ countl x — s (count2 x) }

count2 x — s (countl (s x))

2. simply typed term rewriting



Basic property of rewrite chains

infinite head rewrite steps are obained from any rewrite chain
by selecting innermost non-terminating subterms

countl x — s (count2 x)

count2 x — s (countl (s x))

countl 0 =5 s (count2 0) — s? (countl (s 0)) — s> (count2 (s 0)) — --

V

count2 0 5 s (countl (s 0))

V
countl (s 0) 2o (count2 (s 0))
V
LN captures change of leading symbols count? (s 0) LA

2. simply typed term rewriting



Head rewrite step

Definition

s ¢ <—> s=1[o, t=roc forsome [ —1r, o or
s=1(Sg 81 - Sp), t=1(to s1 -+ Sn), S0 = 1o

L L

sum (: ((fold + 0) []) (: ((fold +0) []) [1]))

2. simply typed term rewriting 10



Characterising termination

Definition

NTnin ... set of minimal (wrt. >) non-terminating terms

Lemma

VseNT 3t€ NT, 52 . 5. >y

.. : : . nh h .
=» every minimal non-terminating term admits —* - — - > -chain

Corollary

. o h, h . L
— is terminating <= —*.—.> (on NT,,) is terminating

2. simply typed term rewriting 11



3. dependency pairs
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Key idea
DP(l —r) :=

3. dependency pairs

Dependency pairs  [ArtsGiesl, TCS 0]

tracing head defined subterms in reduction

{(, ) |r
r"is head defined,

r' ALY

13



Key idea
DP(l —r) :=

3. dependency pairs

Dependency pairs  [ArtsGiesl, TCS 0]

tracing head defined subterms in reduction
{(, ) |r
r"is head defined,

r' ALY

+ 0y
+ (sx)y
x 0y
X (sx)y

Lol

13



Simply typed dependency pairs  [Aoto-Yamada, RTA '05]

Definition
DP(l —r) = {l—7r"|r"<r, r'is head defined, ' 41}
U {!'— "€ Exp(l —r)|r"is head defined }

e head-variable subterm considered to be head defined

e rule of function type should be expanded Exp(l — )

3. dependency pairs 14



Simply typed dependency pairs (example)

(+0) y — Yy
(+(s2)y — s((+2)y)
R (fold F" x) [] — x
(fold F z) (:yys) — (Fy) ((fold F x) ys)
sum — fold + 0

3. dependency pairs
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Simply typed dependency pairs (example)

(+0)y — Y
(+(sz))y — s ((+=) vy

R (fold F x) [] — T
(fold F z) (:yys) — (Fy) ((fold F ) ys)
sum — f0|d + 0
(+(sz))y — (+a)y
(+(sz)y — fx
(fold FFx) (:yys) — (Fy) ((fold F x) ys)
(fold Fz) (:yys) — Fuy

DP(R) (fold F z) (:yys) — (fold F x) ys

sum — fold + 0
sum —  fold
sum —
sum x — (fold 4+ 0) x

3. dependency pairs

15



Termination by dependency pairs

Definition

s —p t <= (s,t) is instance of some DP in D

3. dependency pairs
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Termination by dependency pairs

Definition

s —p t <= (s,t)is instance of some DP in D

Theorem

following statements are equivallent:

e —p IS terminating

h, h . .
o —*. .1 (on NTp,) is terminating

h . L
e —* - r—ppr) (on NTyy,) is terminating

3. dependency pairs

16



Dependency graph  [arts—Giesl, TCS "00]

Key idea ... approximating 5% . -sequence
by path in (finite) graph
Definition  (same as first-order case)

vertexes ... set of all dependency pairs
edges ... edge from [ — r to l' — 1’ exists

. . nh
if and only if ro —* l'c’ for some o, ¢’

3. dependency pairs
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Dependency graph (example)

dependency pairs

(1) (+G6z)y — (+ )y

2)  (+G6z)y —  +x

(3) (fold F z) (:yys) — (Fy) ((fold F x) xs)

(4) (fold F z) (:yys) — Fuy

(5) (fold FF z) (: yys) »— (fold F x) ys

(6) sum — fold + 0

(7) sum —  fold

(8) sum — 4

(9) sum x — (fold 4+ 0) x
dependency graph ()

3. dependency pairs



Subterm criterion  [Hirokawa—Middeldorp, RTA "04]

Key idea ... for every DP on cycle of DG
projection 7 selects one argument of defined symbol

to obtain ordering constraint w.r.t. subterm relation >

simple projection 7 : Mg — N,

3. dependency pairs 19



Subterm criterion  [Hirokawa—Middeldorp, RTA "04]

Key idea ... for every DP on cycle of DG
projection 7 selects one argument of defined symbol

to obtain ordering constraint w.r.t. subterm relation >
simple projection 7 : Mg — N,

m(+)=1 ... select 1st argument for +

T

(+(2)y = (s )

m(fold) =3 ... select 3rd argument for fold

(fold F' ) (:y ys) (:y ys)

3. dependency pairs 19



‘ermination by subterm criterion

"heorem [Aoto—Yamada, RTA '05]
e R : finite simply typed TRS

e VD : set of DPs admitting cycle in DG
4 7 : simple projection for D
st. m(D)C > and w(D)N> £
(7 satisfies subterm criterion for D)

h :
— NO n_>* " 7 7DP(R) -chain no (R, DP(R)) chain

—> R Is terminating

note: ordering constraints only on DPs

3. dependency pairs
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Termination by subterm criterion (example)

dependency graph (for running example)

ﬂ@“a‘-‘@

OSSO
@
dependency pairs admitting cycle

1) (+G62)y — (+2)y
(5) (fold F x) (: yys) — (fold F x) ys

simple projection satisfying subterm criterion: =(4) := 1, =(fold) := 3
> (s x) > T
> (:yys) D> YSs

3. dependency pairs 21
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Argument filtering  [Arts—Giesl, TCS 0]

Key idea ... simplify ordering constraints

by selecting/dropping arguments recursively

m X — N, UList(N,)
() =1 n(A)=[1,2] w(v)=[2]

- (mx) T

- (Azy) ATy

- (Vay) V oy

4. Argument filtering & Usable rules



Argument filtering for simply typed terms

Definition
T (XU Vi) X N — NU List(N)
m(s,d) ... argument filtering for symbol s at depth d
Examples

s = (O(twice U) o(H r) ) 0,1...depth of twice and H

1

m (twice, 1) = [0, 1] mo(twice, 1) =0 m3(twice, 1) =1
71 (twice, 0) = |0] mo(twice, 0) =1

mi(H,0) = [1] m3(H,0) =]
mi(s) = ((twice) (z))  m(s) =U m3(s) = ()

note: filtered term may be ill-typed (use S-expression [Toyama, RTA '05])

4. Argument filtering & Usable rules 24



Termination by argument filtering (example)

simply typed TRS

map G [] — ]
map G (:xzxzs) — : (G x) (map G zs)
(oG H)=x — G (H x)
twice GG — o GG
dependency pairs
(1) map G (:xxs) — Gu
(2) map G (: x xs) — map G xs
(3) (oG H)=x — G (H x)
(4) (cGH)x — Hux
(5) twice G — oG G
(6) (twice G) x — (060G G)x
(7) twice G — 0

4. Argument filtering & Usable rules



Termination by argument filtering (example continued)

dependency graph

dependency pairs admitting cycle

(2) map G (: x xs) — map G xs
(3) (oG H)x — G (H x)
(4) (cGH)x — Hux

(6) (twice G) x — (060G G)x

4. Argument filtering & Usable rules 26



Termination by argument filtering (example continued)

simple projection for (2) satisfying subterm criterion: w(map) := 2

m((2)) >

head instantiated dependency pairs

(3a) (* (cU V) H) =z
(30) (of (twice U) H) x
(da)  (F G (U V))
(4b) (of G (twice U)) z
(6") (twice* G) =

4. Argument filtering & Usable rules

T r s> xs

[Aoto—Yamada, RTA'05]

(cF UV) (H )
(tW|cejj U) (H x)
(FUV)z
(
(

twice? U) x

L1 0

ouGG)

27



Termination by argument filtering (example continued)

argument filtering

m(G,0) =7(H,0) = 7w(o, 1) =7(twice, 1) = 1
7 (twice, 0) = m(twice?, 0) = 7(of, 1) = [0, 1]
m(map,0) = 7(:,0) = 7(0,0) = w(o%,0) = [0,1, 2]

ordering constraints after filtering

(P (cUV)YH)z > (otUV)
map G [] = 1] ; o h e
map G (tzas) = o (mapGas) L e D@ i )
p ; FGUV)z = (*UV)g
- ' C ) (of G (twice U)) =z > (twice? U) z
twice G - oGG
(twice? Q) = ~ (o GG)x

path ordering for S-expressions [Toyama, RTA'08] satisfies these

=¥ R Is terminating

4. Argument filtering & Usable rules 28



‘ermination by argument filtering

" heorem (new)

e R : finite simply typed TRS

e DCDP(R) and D : head-instantiated
e (—,>) : reduction pair

® 7T . Zder%un — N_|_ ULISt(N+)
st. m(R)C =, w(D* Cx and = : stablew.rt. (R,D)

e no (R,D\{l—1r¢€ D |xn(l*) = n(r*)}) chain
—> no (R, D) chain

note: stability condition is essential for simply typed case

4. Argument filtering & Usable rules
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Unsound argument filtering
R f(Fzx) — f(sux)
DP(R) f(Fx) — f(sux)
f(sz) —opw) f(sz) —opm)
dependency step is not preserved by filtering
7(f,0) = w(F,0) = [0, 1] m(s,0) =1
7(DP(R)) f(Fzx) — f( x)

f( z) >7L>7T(DP(R)) f( o)

=» stability of 7 is essential

4. Argument filtering & Usable rules 30



Usable rules [Arts—Giesl, TCS '00] [Giesl et al., JAR '06]

Key idea ... simplify ordering constraints
by extracting only rules relevant for (DD, R) chain

=» modular termination proof

4. Argument filtering & Usable rules 31



Termination using usable rules (example)

simply typed TRS R, URs

(+0) y —
(+(sz))y — s ((+2)y)
Ri< (fold F z) || — T
(fold FFz) (:yys) — (Fy) ((fold F' x) ys)
| sum —  fold 4+ 0
[ map G ] — ]
map G (: x xs) — (G z) (map G xs)
R2 oG H) 2 G (H )
| twice G — oG (G

4. Argument filtering & Usable rules 32



Termination using usable rules (example continued)

dependency graph

4. Argument filtering & Usable rules
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Termination using usable rules (example continued)

cycles in dependency graph

D 6D @D aib

b

dependency pairs admitting cycles

(1) (+(s2))y — (+2)y
DP(R1) i (5) (fold F x) (:yys) — (fold F x) ys
[ (10) map G (: x xs) —  map G xs
(11) (cGH)=x — G (H x)
DP(R2) (12) (cGH)x — Hux
- (13) (twice G) = — (0 G G)x

4. Argument filtering & Usable rules 34



Termination using usable rules (example continued)

absence of (R1 URs,{(1),(5),(10)}) chain by subterm criterion

(1) C > s T > x
w(b) C > Ly ys > YSs
7(10) C > T TS > s

remaining dependency pairs (head-instantiated and head-marked)

( (1la) (o (cUV)H)z) — ((FUV)(H z))
(11b) ((of (twice U) H) z) ((tW|ceri U) (H z)
DS (12a)  ((FG(cUV))z) — ((FUV)a2)
(120b) ((of G (twice U)) ) ((tW|ce U) x)
| (13) ((twice* G) z) —  ((o* G G) z)

=» no appropriate filtering for R URy and D

4. Argument filtering & Usable rules 35



Termination using usable rules (example continued)

argument filtering

(*(cUV)H) ) = (('UV) )
((of (twice U) H) ) > ((tvwcejEi U) )
m(D) C - (FG(eUV)) ) = (FUV) )
((of G (twice U)) ) = ((tW|ce U) )
((twicelj G) ) = ((o" G Q) )
nh

no usable rules for D (—x,ur,-Step impossible in RHSs of 7(D))

=» R, U Ry imposes no further constraints, hence is terminating

4. Argument filtering & Usable rules 36



‘ermination using usable rules

" heorem (new)

R : finite simply typed TRS
D CDP(R) and D : head-instantiated
(7, >) : reduction pair

7 . argument filtering stable w.r.t. (Usable(R, D, x), D)
s.t. w(Usable(R,D,w)) C = and w(D* C =
and (conszy) = x, y

no (R,D\{l — r € D | w(I*) = n(r*)}) chain

—> no (R, D) chain

4. Argument filtering & Usable rules



Usable rules for simply typed DPs

rule usability determined by def-use relationship on symbols

in simply typed case
e depth of symbol
e instantiation of function variables

e argument expantion for rules of function type

need to be taken into account

4. Argument filtering & Usable rules
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Experiments

automatic termination prover for simply typed TRSs

e basic dependency pair method  [AotoYamada '05]
e reduction pairs [Toyama '08]
e argument filtering + usable rules

e 3000-line-code written in SML/NJ

e external SAT solver

collection of examples

e functional programs using typical higher-order functions

o 122 examples

5. Experiments
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Experiments

122 terminating examples

SC + AF + UR | FO encoding + TTT2
success 98 115 121 94
success ratio | 80% 94%  99% | 77%
total time 3.85 94s 12.2s | 1246s

FO encoding ... p(toty --- tn) = an(@(te), ©(t1), ..., p(tn))
TTT2 ... [Hirokawa—Middeldorp, 1&C '07]

5. Experiments 41



6. Summary
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Summary

extension of DP method to simply-typed case with
e argument filtering
e usable rules criterion

enables powerfull and efficient termination proof

6. Summary
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Summary

extension of DP method to simply-typed case with
e argument filtering
e usable rules criterion

enables powerfull and efficient termination proof

Further work

e higher-order rewriting with bound variables
e solving ordering constrains by interpretation

e comparison with other works (e.g. labelling transformation)

6. Summary
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