Maximum-likelihood (ML) estimation

Setting

* A training data D = {x,...,X,} of i.i.d. examples for the target class y is available
¢ We assume the parameter vector 6 has a fixed but unknown value

* We estimate such value maximizing its likelihood with respect to the training data:

0" = argmaxgp(D|0) = argmaxg Hp(xj|0)

Jj=1

* The joint probability over D decomposes into a product as examples are i.i.d (thus independent of each other
given the distribution)

Maximum-likelihood estimation

Maximizing log-likelihood

* It is usually simpler to maximize the logarithm of the likelihood (monotonic):

0" = argmaxgln p(D|@) = argmaxg Z Inp(x,]6)

Jj=1

¢ Necessary conditions for the maximum can be obtained zeroing the gradient wrt to 6:

Vo Zlnp(xjw) =0

j=1

* Points zeroing the gradient can be local or global maxima depending on the form of the distribution

Bayesian estimation

setting

e Assumes parameters 0; are random variables with some known prior distribution

¢ Predictions for new examples are obtained integrating over all possible values for the parameters:

p(X\’yuDi):/o p(x,0;|yi, D;)d6;

i

* probability of x given each class y; is independent of the other classes y;, for simplicity we can again write:

p(xlys, i) — p(x|D) = /0 p(x,0/D)do

* where D is a dataset for a certain class y and 8 the parameters of the distribution



Bayesian estimation

setting
p(x|D) = /0p<x,0|2>>d9 - / p(x10)p(6]D)d6

* p(x]@) can be easily computed (we have both form and parameters of distribution, e.g. Gaussian)

* need to estimate the parameter posterior density given the training set:

p(D|8)p(9)
p(0|D) = ——2——~=
(6|D) (D)
Bayesian estimation
denominator
p(D|6)p(6)
0D) = ————=
p(oiD) = 7=

* p(D) is a constant independent of @ (i.e. it will no influence final Bayesian decision)

« if final probability (not only decision) is needed we can compute:

p(D) = /apww)p(e)de

Sufficient statistics
Definition

* Any function on a set of samples D is a statistic
* A statistic s = ¢(D) is sufficient for some parameters 6 if:

P(Dls,8) = P(Dls)

« If 0 is a random variable, a sufficient statistic contains all relevant information D has for estimating it:

p(D]0,s)p(0ls)

T

= p(0]s)

Use

* A sufficient statistic allows to compress a sample D into (possibly few) values

¢ Sample mean and covariance are sufficient statistics for true mean and covariance of the Gaussian distribution



Conjugate priors

Definition
* Given a likelihood function p(x|6)
* Given a prior distribution p(#)

* p(0) is a conjugate prior for p(z|0) if the posterior distribution p(#|x) is in the same family as the prior p(6)

Examples
Likelihood Parameters Conjugate prior
Binomial p (probability) Beta
Multinomial p (probability vector) Dirichlet
Normal 1 (mean) Normal
Multivariate normal  p,; (mean vector) Normal

Probability distributions

Bernoulli distribution
» Two possible values (outcomes): 1 (success), O (failure).
» Parameters: p probability of success.

* Probability mass function:

* Elz] =p

» Var[z] = p(1 —p)

Example: tossing a coin

* Head (success) and tail (failure) possible outcomes

* pis probability of head

Probability distributions

Beta distribution
* Defined in the interval [0, 1]

e Parameters: «, 8

* Probability density function: T(a+8) .,
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* Elz] = ;%5 Nz +1)=2al(z),I'(1)=1
* Varl] = Grtarrm

Note
It models the posterior distribution of parameter p of a binomial distribution after observing oz — 1 independent
events with probability p and 5 — 1 with probability 1 — p.

Bernoulli distribution

Setting
* Boolean event: x = 1 for success, x = 0 for failure (e.g. tossing a coin)
 Parameters: § = probability of success (e.g. head)

* Probability mass function
P(z]0) =6°(1—60)'=

* Beta conjugate prior:
I'(a) -1 -1
PO) = ————0“" (1 —0)*
O = tanr@) ™ Y



Bernoulli distribution
Maximum likelihood estimation: example

e Dataset D = {H,H,T,T,T,H, H} of N realizations (e.g. head/tail coin toss results)

¢ Likelihood function:

p(DB)=0-0-(1—6)-(1—6)-(1—0)-0-0=0"(1—0)

e Maximum likelihood parameter:

31np(’D|6‘) =0 = 2hlm@—l—tln(l—ﬁ) =0

00 00
1 1
hg =114~ "
h(1—0) =t0
h
0= h+t

 h,t are the sufficient statistics

Bernoulli distribution
Bayesian estimation: example

e Parameter posterior is proportional to:

P(0|D)  P(D|#)P(0) x 8"(1 — §) 6on—1(1 — gy~ !

* i.e. the posterior has a beta distribution with parameters h + ay,, ¢ + o

P(0]D) oc g Fen—t(1 — g)teet
* The prediction for a new event is the expected value of the posterior beta:

P(a|D) = / P(a]0) P(6]D)do — / 0P(0]D)do

h+ oy

=Eromlf = e T e

Bernoulli distribution

Interpreting priors
* Our prior knowledge is encoded as a number o = ay, + o, of imaginary experiments
e we assume «, times we observed heads
* «is called equivalent sample size

* a — 0 reduces estimation to the classical ML approach (frequentist)



Probability distributions

Multinomial distribution (one sample)
* Models the probability of a certain outcome for an event with m possible outcomes.
e Parameters: py, ..., py,, probability of each outcome

* Probability mass function:

m
P(xl,--.,$m;p1,..- apm) = szxl
i=1

» where 21, ..., 2y, is a vector with z; = 1 for outcome ¢ and ; = 0 for all j # 1.
* Elz;] = pi
* Var[z;] = pi(1 — p;)

» Coviz;, ;] = —pip;

Probability distributions

Dirichlet distribution
e Defined: ¢ € [0,1]™, > 2, =1

e Parameters: @ = ag,...,Qy,

* Probability density function: m
. _ F(Oéo) a;—1
p(z1,...,oms ) = mi)Hl’l
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Note
It models the posterior distribution of parameters p of a multinomial distribution after observing a;; — 1 times each

mutually exclusive event

Multinomial distribution

Setting
» Categorical event with 7 states x € {z!,..., 2"} (e.g. tossing a six-faced dice)
* One-hot encoding z(z) = [21(z), ..., z,(z)] with z(z) = 1if z = 2%, 0 otherwise.
e Parameters: @ = [0, ..., 6,] probability of each state

* Probability mass function

P(z|6) = H QZk(z)
k=1



* Dirichlet conjugate prior:

POy) = P(Olay,...,a) = Hkr(a)( S H 9%—1
L k=1

Multinomial distribution
Maximum likelihood estimation: example

 Dataset D of N realizations (e.g. results of tossing a dice)

¢ Likelihood function:

p(D|6) = H H o) = H o)

j=1k=1

e Maximum likelihood parameter:

N,
ak:Wk

e Ny,..., N, are the sufficient statistics

Multinomial distribution
Bayesian estimation: example

* Parameter posterior is proportional to:

P(6|D) x P(D|0)P() H 0,k ok

* i.e. the posterior has a Dirichlet distribution with parameters N, + ax, k= 1,...,7:

P(6|D) H g ten—1
k=1

* The prediction for a new event is the expected value of the posterior Dirichlet:

Ni + ag
N+«

Plax|D) = / 0. P(O1D)d0 = Ep gy 0] =
APPENDIX

Appendix
Additional reference material



Maximum-likelihood estimation

Multivariate Gaussian case: proof (mean)

* The gradient wrt to the mean is:

n 1 _ 1
VNZ—§(Xj —w)'S N (x - p) - iln(%)d\ﬁl =
j=1

Note

iXTAX = ATx + Ax
ox

= 2Ax for symmetric A

Maximum-likelihood estimation

Multivariate Gaussian case: proof (mean)

* Setting the gradient to zero gives:

Zzil(XJ —p)=0
j=1
D (xj—pw)=%0=0
j=1
DI
j=1 j=1
n= n 4 X;j

Jj=1

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

* The gradient wrt to the covariance is:

_ 1
57y — 1) — 5o (2m) %) =

w\}—*

a n
o 273

0 0
Z::—Z )Y (x; +Zﬁln (2m)4 |2

Jj=1



Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

Ay~ ) S g ) =
(s~ 1)y — ) e =

—(x; = p)(x; — p)'x7?

Note
Use matrix derivative rule:

0
a5!T(ABC) = CA

Where A = (x; — p)!, B=%"1,C = (x; — p) and tr(ABC) = ABC as ABC' is a scalar.

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

R S
ain (2m)'I5] = g1 g (om0l =

1 -1 di _ 31 -1 _ y—1

GBI en) gl = B e =

Note
Use matrix derivative rule:

0 L
4] =14l

Maximume-likelihood estimation

Multivariate Gaussian case: proof (covariance)

* Combining and putting equal to zero:

& - )= (x5 — ) Zin (25|
1 n — n /:
—3 PR CTRINICI R0 Ve W i =0
j=1 j=1
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Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

DS =D (g - p)(x - )R
j=1 j=1

»? Z ol =y2 Z(Xj —p)(x; — p)'e?
Jj=1 J=1

DT =D (x5 - w)(x; - )
j=1

Jj=1

n¥ = Z(Xj —n)(x; — p)'

L= (- m)x - w)
j=1
Bayesian estimation
Gamma distribution
* Defined in the interval [0, co]
* Parameters: o > 0 (shape) 8 > 0 (rate)
* Probability density function: ge
p(z;, B) = ozt F*

I'(«a)

11
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Note
Used to model the prior distribution of the precision (inverse variance, i.e. A = 1/02).

Bayesian estimation
Univariate normal case: unknown p and A = 1/02

» Examples are drawn from:
p(@(p, A) ~ N(p, 1/X)

* The Prior of mean and precision is the NormalGamma distribution:

Pl A) = p(EINP(Y) = N (ulso, ﬁ)Gawao,ﬂo)
= NG(%M#O,HO,O!O,ﬂo)

12



Univariate normal case: unknown ;. and A = 1/

a posteriori parameter density

p(xj|m,N) p(p|N)
1 & A2 { A 2] (koX)'/? { Ko\ 2}
AD) = = exp | — = (z; — ————exp |——((u—
p(p, A|D) oLl 5 p 2(.7 ) Jar P 5 (1 — po)
ag
ngo)AQO*lexp(—ﬁoA>

p(N)

apg+n/2— A -
o X*0F/2 7 exp(—BoA)AT? exp—g [Z(l’j — p)* = ro(p — MO)Q]

j=1
a posteriori parameter density is still NormalGamma
P, AID) = NG (p, Al s fons 0ty Br)

Univariate normal case: unknown . and \ = 1 /02
a posteriori parameter density is still NormalGamma

p(,u, )\|D) = NG(M, )‘|Nn7 Rn,y Qi ﬂn)

where

_ Koho + nfin

Hn = ko +n

:‘inzko—F?’l

an =g+ n/2

5 :B +}i(x_A )2+K0n(ﬂn—ﬂo)2
n 0 2j:1 J Hn 2(H0+n)

Univariate normal case: unknown ;. and A = 1/02

Interpreting the posterior

* Posterior mean is weighted average of prior () and sample (u,,) means, weighted by g and n respectively

_ Koko + nin
=

* Posterior «,, is increased by the number of samples n

Kn = ko +n

* Posterior a, is increased by half the number of samples n

o =g +n/2

13



Univariate normal case: unknown ;. and A = 1/
Interpreting the posterior

* Posterior sum of squares (/3,,) is sum of prior sum of squares () and sample sum of squares % Z?:l (x;— fin)?
and a term due to the discrepancy between the sample mean and the prior mean.

- (., — 2
B = Bt S (e — )t 4 Pl

= 2(ko +n)

Univariate normal case: unknown ;. and A = 1/02

Computing the posterior predictive

p(a[D) = / / Pl 1, \yp(ys, A D) dpad

Bn(kn + 1)>

n’{n

e Itis a T-distribution with mean p,, and precision % (proof omitted)

0.40
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0.00
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Bayesian estimation

Wishart distribution

* Defined over d x d positive semi-definite matrix

e Parameters: v > d — 1 (degree of freedom) 7" > 0 (d X d scale matrix)

Probability density function:
1 vodo1

X, T) = X
p( 3V, ) 2yd/2‘T|V/2Pd(V/2)| |

1
exp —itr(T_lX)

* EX]=vT
. VaI'[Xij] = V(Tii2 + TnTji)
Note

Used to model the prior distribution of the precision matrix (inverse covariance matrix, i.e. A = X71). T is the
prior covariance

Bayesian estimation
Multivariate normal case: unknown g and >

» Examples are drawn from:
pllp, A) ~ N(p, A7)

¢ The Prior of mean and precision is the NormalWishart distribution:

Pk, A) = p(p|A)p(A) = N(plpg, (koA) ™ )Wi(Alv, T)

Multivariate normal case: unknown g and >

a posteriori parameter density

p(p, A|D) = N(Umn(’an)il)Wi(Awna T,)

where
_ Kopo + nlan
" ko +n
n R o o X o

T,=T+ Z(xz — fin) (T — fin)” + ——(po — fin) (o — fin)
] K+mn

Up =V+n Kn =K+Mn

Computing the posterior predictive
To(kn +1)
D - tl/ — mny /. 7, 1\

p($| ) ol <x’u Hn(VTL_d_"l))
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